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Notes
In this updated edition of our review article (December 10, 2023),

e a few notations, used throughout the published version, have been modified in this edition such that,

individual states are no longer enclosed in angle brackets, i.e., m; instead of (m;),

— a transition from state 4 to j is represented by |j) (i|, instead of ({i), (5)),

single transition Zeeman order associated with states i and j is represented by [4, j], instead of [(i), (5)].

— the lth-rank spin transition symmetry function of the kth frequency component is represented as £\ (i, 5),
instead of & (i, j)

— the Lth-rank orientational spatial symmetry function of the kth frequency component is represented as
fék)(@), instead of Z;(0).

— The transition symmetry function pipg used in the weak coupling limit is replaced by dis.

the manuscript has been reformatted as a single column to improve readability and minimize line breaks in

equations.
e figures were rearranged to match the single-column format better.
e a small error in the caption of Fig. 2 has been corrected

e An error in the Fig. 3 caption should have been...(A) for [-1,0], in (B) for [0,+1], and in (C) for [-1,+1],

where [m;, m;] ...

e a missing factor of 2 has been added in Egs. (55) and (58).
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an unnecessary scaling factor in Egs. (105) and (106) have been eliminated.

in Eq. (3), an incorrect Y is replaced with [] in the expression for the number of energy levels, and a similar

adjustment is later in the paragraph.

the sign of effective (D,, p;) evolution during € in Fig. 38 has been reversed to be consistent with positive going
echo associated with refocusing of rotor modulated anisotropic evolution.

an incorrect factor of 1/4/2 instead of \/g was corrected in Eq. (A.185).

an incorrect factor appeared in the first-order nuclear shielding proportionality constant. It shows the correct
value, which was already given in Eq. (A.191).

an incorrect factor of 1/4/2 instead of \/g was corrected in Eq. (A.222).

the zero-rank first-order proportionality constant for the strong J coupling was eliminated since the spin

transition part of the zero-rank term is zero.

an incorrect factor of v/3 in the first-order strong .J coupling proportionality constant given in Eq. (A.227) was

eliminated.

an incorrect factor appeared in the first-order strong J coupling proportionality constant. It shows the correct
value, which was already given in Eq. (A.229).

an incorrect factor appeared in the first-order weak J coupling proportionality constant. It shows the correct
value, which was already given in Eq. (A.238).

an incorrect factor of \/g instead of \/g was corrected in Eq. (A.149).
the symbols for the spherical tensor components of the dipolar coupling were mislabeled in Eqgs. (A.264)-(A.266).
the right hand side of Eq. (A.269) should have been fg—ocd’yl’ygh.

s

an incorrect factor of 1/4 in Eqgs. (A.270), (A.271), (A.273), (A.274), (A.276), (A.280), (A.281), (A.283),

(A.284), (A.285) was eliminated, with corresponding changes for d;; and d;g in Table L.
a missing negative sign was added to Eq.(A.202) for the 77%)14’2} coefficient.

a missing factor of 1/2 was added to Egs. (A.288)-(A.290) and Egs. (A.292)-(A.294) with corresponding changes
for d;; and d;g in Table 1.

Changed convention for the definition of 7 to

and propagated this change to other equations.
corrected typos in Table for T, elements
corrected error in Eqs. (56), (57), (59) and (60) for the (pd);s and (dp)rs spin transition functions.

updated Figs. [12| and [13|for the (pd);s and (dp);s spin transition functions
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Symbols

Q(0,14,7) resonance frequency of ¢ — j transition in a sample with orientation ©

Qk(0©,i,7) kth frequency component in (0,1, j)

wi strength of the kth frequency component

5;’“)(@) the L'-rank orientational spatial symmetry function of the kth frequency component
ék)(z', §) the I*M-rank spin transition symmetry function of the kth frequency component

1 quantum number(s) associated with a quantized energy level E;

m; quantum number(s) associated with a quantized energy level E,,

M; quantum number(s) associated with a quantized energy level Exy,

my,mgs, quantum number(s) associated with a quantized energy level Emy, ms,

{I,I2,...,In} coupled nuclear spin system

|7) (i| transition from quantized state ¢ to j

[i,] single transition Zeeman order associated with quantized states ¢ and j

[z1] Zeeman order associated with spin I

[27] quadrupolar order associated with spin I

[27/] dipolar order associated with two strongly coupled nuclei

© orientation of crystal axis frame in laboratory axis frame system

Y1, 1o,...,15} Dumber of quantized nuclear spin states in the spin system {I1, I2,...,In}

S spatial symmetry function from irreducible Oth-rank tensor

P(©) spatial symmetry function from irreducible 1st-rank tensor

D(©) spatial symmetry function from irreducible 2nd-rank tensor

F

G

(
(
(©) spatial symmetry function from irreducible 3rd-rank tensor

() spatial symmetry function from irreducible 4th-rank tensor

S phase shifted spatial symmetry function under single axis rotation from irreducible 1st-rank tensor
P,.(©) phase shifted spatial symmetry function under single axis rotation from irreducible 1st-rank tensor
D,,(©) phase shifted spatial symmetry function under single axis rotation from irreducible 2nd-rank tensor
F,(©) phase shifted spatial symmetry function under single axis rotation from irreducible 3rd-rank tensor
Gm(©) phase shifted spatial symmetry function under single axis rotation from irreducible 4th-rank tensor
¢ second-rank symmetric spatial tensor anisotropy

7 the second-rank symmetric spatial tensor asymmetry parameter

(o second-rank symmetric nuclear shielding spatial tensor anisotropy

Ne second-rank symmetric nuclear shielding spatial tensor asymmetry parameter

¢s second-rank symmetric J coupling spatial tensor anisotropy

1y second-rank symmetric J coupling spatial tensor asymmetry parameter

Ca second-rank symmetric dipolar coupling spatial tensor anisotropy

(q second-rank symmetric quadrupolar coupling spatial tensor anisotropy

nq second-rank symmetric quadrupolar coupling spatial tensor asymmetry parameter

0r single-axis sample rotation rotor angle

¢r single-axis sample rotation rotor initial phase

0, double-axis sample rotation outer rotor angle



¢o double-axis sample rotation outer rotor phase

Yo double-axis sample rotation outer rotor initial phase

0; double-axis sample rotation inner rotor angle

¢; double-axis sample rotation inner rotor phase

s{e} gpatial symmetry function from irreducible Oth-rank tensor of 1st-order nuclear shielding
P{U}(@) spatial symmetry function from irreducible 1st-rank tensor of 1st-order nuclear shielding
D{"}(@) spatial symmetry function from irreducible 2nd-rank tensor of 1st-order nuclear shielding
plJ/u }(9) spatial symmetry function from irreducible 1st-rank tensor of lst-order J strong coupling

D/ }(6)) spatial symmetry function from irreducible 2nd-rank tensor of 1st-order J strong coupling

s{U1s} gpatial symmetry function from irreducible Oth-rank tensor of 1st-order J weak coupling

ptJr 5}(@) spatial symmetry function from irreducible 2nd-rank tensor of 1st-order J weak coupling

Didir }(@) spatial symmetry function from irreducible 2nd-rank tensor of 1st-order strong dipolar coupling

Dids S}(G) spatial symmetry function from irreducible 2nd-rank tensor of 1st-order weak dipolar coupling

D{q}(e) spatial symmetry function from irreducible 2nd-rank tensor of 1st-order quadrupolar coupling

sla9} gpatial symmetry function from irreducible Oth-rank tensor of 2nd-order quadrupolar coupling

D{qq}(@) spatial symmetry function from irreducible 2nd-rank tensor of 2nd-order quadrupolar coupling

G{qq}(G) spatial symmetry function from irreducible 4th-rank tensor of 2nd-order quadrupolar coupling

s{ed} gpatial symmetry function from irreducible Oth-rank tensor of 2nd-order shielding-quadrupolar coupling

Diod} (©) spatial symmetry function from irreducible 2nd-rank tensor of 2nd-order shielding-quadrupolar coupling

Glodd (©) spatial symmetry function from irreducible 4th-rank tensor of 2nd-order shielding-quadrupolar coupling
sl/rsar} spatial symmetry function from irreducible Oth-rank tensor of 2nd-order J-quadrupolar coupling

Dirsa }(@) spatial symmetry function from irreducible 2nd-rank tensor of 2nd-order J-quadrupolar coupling

GlJrsar }(@) spatial symmetry function from irreducible 4th-rank tensor of 2nd-order J-quadrupolar coupling

sldrsar} gpatial symmetry function from irreducible Oth-rank tensor of 2nd-order weak dipolar-quadrupolar coupling
D{dfs‘”}(@) spatial symmetry function from irreducible 2nd-rank tensor of 2nd-order weak dipolar-quadrupolar coupling
Gldrsar }(@) spatial symmetry function from irreducible 4th-rank tensor of 2nd-order weak dipolar-quadrupolar coupling
s(i,7) transition symmetry function from irreducible Oth-rank tensor

p(z,7) transition symmetry function from irreducible 1st-rank tensor

d(, j

transition symmetry function from irreducible 2nd-rank tensor

%

-h

transition symmetry function from irreducible 3rd-rank tensor

)
i,7) transition symmetry function from irreducible Oth-rank tensor (scaled)

(
(

0

p(4,7) transition symmetry function from irreducible 1st-rank tensor (scaled)

(
d(i,7) transition symmetry function from irreducible 2nd-rank tensor (scaled)

f(i,j) transition symmetry function from irreducible 3rd-rank tensor (scaled)

si(mi, mj) single nucleus transition symmetry function from irreducible Oth-rank tensor

p,(ms,m;) single nucleus transition symmetry function from irreducible 1st-rank tensor

di(mi, m;) single nucleus transition symmetry function from irreducible 2nd-rank tensor

fi(mi,m;) single nucleus transition symmetry function from irreducible 3rd-rank tensor

si(M;, M;) two strongly coupled nuclei transition symmetry function from irreducible 1st-rank tensor

pu(M;, M;) two strongly coupled nuclei transition symmetry function from irreducible 1st-rank tensor

du(M;, M;) two strongly coupled nuclei transition symmetry function from irreducible 2nd-rank tensor



fu(M;, M;) two strongly coupled nuclei transition symmetry function from irreducible 3rd-rank tensor

(PP)1s(mr,:,ms,:, mr,j,ms,;) two weakly coupled nuclei transition symmetry function from irreducible 1st-rank tensor
(dp)rs(mr,, ms,:, mr j, ms,;) two weakly coupled nuclei transition symmetry function from irreducible 2nd-rank tensor
(pd)rs(mr,:, ms,;, mr j, ms, ;) two weakly coupled nuclei transition symmetry function from irreducible 3rd-rank tensor
(

pp)is(mr,i,ms,:, mr,j,ms,;) two weakly coupled nuclei transition symmetry function from irreducible Ist-rank tensor
(scaled)

(dp)rs(mr,i,ms,i,mr,j,ms,;) two weakly coupled nuclei transition symmetry function from irreducible 2nd-rank tensor
(scaled)

(pd)rs(mr,i, ms,i,mrj,ms;) two weakly coupled nuclei transition symmetry function from irreducible 3rd-rank tensor
(scaled)

Co(ms,m;) single nucleus p, and f; hybrid transition symmetry function
single nucleus p, and f; hybrid transition symmetry function
single nucleus p, and f; hybrid transition symmetry function
single nucleus p, and f; hybrid transition symmetry function (scaled)
single nucleus p, and f; hybrid transition symmetry function (scaled)
ca(ms, m;) single nucleus p, and f; hybrid transition symmetry function (scaled)

%) the shear ratio for shearing multi-dimensional signal parallel to ¢ axis.

x“) the shear ratio for shearing multi-dimensional signal parallel to w axis.

g(t) scale factor for t axis.
) gcale factor for w axis.
A(w) absorption-mode lineshape

D(w) dispersion-mode lineshape

Acronyms

NMR Nuclear Magnetic Resonance

MAS Magic-Angle Spinning

MAF Magic-Angle Flipping

AHT Average Hamiltonian Theory

DAS Dynamic-Angle Spinning

DOR DOuble Rotation

MQ-MAS Multiple-Quantum Magic-Angle Spinning

ST-MAS Satellite-Transition Magic-Angle Spinning

DQF-ST-MAS Double-Quantum Filtered Satellite-Transition Magic-Angle Spinning
MQ-DOR Multiple-Quantum DOuble Rotation

SEDOR Spin Echo DOuble Resonance

COASTER Correlation Of Anisotropies Separated Through Echo Refocusing

HETCOR HETeronuclear CORrelation



HSQC Heteronuclear Single-Quantum Correlation
PASS Phase Adjusted Spinning Sidebands
TOP Two-dimensional One Pulse

VACSY Variable-Angle Correlation SpectroscopY



Symétrie est ce qu’on voit d’une vue. - Blaise Pascal

1. Introduction

Nuclear Magnetic Resonance (NMR) spectroscopy has a wealth of nuclear spin interactions, each capable of
providing exquisite detail about local structure and dynamics around a nucleus[I}, [2]. Interpreting an NMR spec-
trum, however, can be challenging when many interactions manifest together in the spectrum. Fortunately, NMR,
spectroscopists can design experiments to remove the influence of specific interactions on an NMR spectrum. This
suppression is achieved by manipulating the sample’s spatial and spin degrees of freedom, which in turn modu-
lates each interaction’s contribution to the NMR frequency differently depending on its underlying spatial and spin
symmetry|[3, [4]. Clearly, a key to success when developing any new NMR method is understanding which frequency
contributions change and which remain invariant under these spatial and spin manipulations.

NMR has an additional advantage in that spatial and spin degrees of freedom can be manipulated on a much faster
time scale than the lifetime of the NMR excited state. In this context, the spin echo[5] has become a central theme
in the design of many NMR experiments. For example, by applying a 7 pulse to a precessing nuclear magnetization,
i.e., a manipulation of spin degrees of freedom, there will be a sign change for any frequency contributions arising
from Hamiltonian contributions that are linearly dependent on the spin operator I », such as nuclear shielding. This
sign change leads to an effective time reversal of the system evolution and is responsible for forming a “Hahn” echo.
Since frequency contributions arising from spin Hamiltonians that are bilinear in I,, such as homonuclear J coupling,
are unchanged by a 7 pulse, this symmetry difference can be used to separate linear and bilinear contributions to
the NMR spectrum|@]. Similarly, Magic-Angle Spinning (MAS)[7, 8] manipulates spatial degrees of freedom: sample
rotation causes anisotropic contributions to the NMR frequency to oscillate, leading to the formation of a train of
rotary echoes. The NMR signal measured at these rotary echo tops has no contribution from the oscillating frequency
components.

With the development of Average Hamiltonian Theory (AHT)[9], Waugh and coworkers provided the field with
a powerful tool for understanding how NMR Hamiltonians transform under spatial and spin manipulations and
for designing experiments that selectively eliminate the influence of specific nuclear spin interactions on the NMR
spectrum. While this approach was initially applied in the context of solid samples with strong nuclear magnetic
dipole couplings[10], it was soon adapted for designing all types of liquid- and solid-state NMR experiments|[IT]. This
approach is particularly powerful when all contributions to the spin Hamiltonian are expressed in terms of irreducible
spherical tensors[12] [13], whose symmetry properties under the orthogonal rotation subgroup are easily discerned.
For electric quadrupole (I > 1/2) nuclei, however, the manipulations of spin degrees of freedom are often poorly
described by the orthogonal rotation subgroup since the rf field strength is typically orders of magnitude smaller than
the electric quadrupole splitting. In this case, using AHT to design time reversal sequences can become challenging.
This fact alone may explain why solid-state NMR of electric quadrupole nuclei has developed at a slower pace than
that of coupled spin 1/2 nuclei.

Despite this difficulty, it is indeed possible to design time reversal experiments for electric quadrupole nuclei,
and over the years, a systematic approach has developed in many laboratories around the world. In this review, we
attempt to distill these approaches into their essential elements and present them in a single consistent framework. In
Section 2] we define these elements, showing how the various frequency components transform under manipulations of
spatial and spin degrees of freedom. Once these definitions are in place, we generalize Bodenhausen and coworkers’[14]
concept of coherence transfer pathways to the “spatial pathway” which maps into a set of spatial symmetry pathways
and the “transition pathway,” also referred to as “coherence transfer walkways” by Kwak and Gan[I5], which maps
into a set of transition symmetry pathways. In Section 3] we give several illustrative examples of how these symmetry
pathways can be used to describe experiments that selectively eliminate specific contributions to an NMR spectrum.
In Section 4] we examine how symmetry pathways provide a more complete context for designing experiments that
yield pure absorption mode lineshapes using either the hypercomplex[I6] or shifted-echo approach[17]. In Section

we review the mathematics of affine transforms for simplifying the analysis and interpretation of multi-dimensional



spectra and also discuss their implementation during signal processing. In Section [6] we give a short review of the
work of Samoson, Sun, and Pines[3] on the use of group theory to understand the averaging of spatial symmetries.
And finally, for the reader who would like to dig a little deeper into the theoretical background, we present the
supporting theory behind this framework with the derivations of various first- and second-order corrections to the

NMR frequency in the Appendix.

2. Frequency component symmetries

The degrees of freedom influencing an NMR resonance frequency in the semi-classical approximation can be
separated into those associated with the quantized reorientations of nuclear spin angular momentum vectors and
those associated with the macroscopic (classical) translations and reorientations of the lattice containing the NMR
active nuclei. We assume that the sample is placed in a uniform external magnetic field, so the sample’s macroscopic
translational degrees of freedom will not influence the NMR transition frequency. Thus, we begin by noting that
the NMR frequency, 2(0,1,j), of an ¢ — j transition between the eigenstates of the stationary-state semi-classical

Hamiltonian in a sample with a lattice spatial orientation, ©, can be written as a sum of components,

Q(0,4,5) = ZQk@Zj (1)

with each component, Q4(0, 1, j), separated into three parts:
—(k k
(0,i,) = w2 () €7, ), (2)

where wy, gives the size of the kth frequency component, and = (k)( ©) and &, (k) (i, 7) are functions of the sample’s spatial
orientation and the quantized NMR transition, respectively. The experimentalist indirectly influences a frequency
component ) by direct manipulation of the quantum transition, ¢ — j, and the spatial orientation, © of the sample,
as highlighted in Fig. |1l The orientation of the lattice, ©, typically described with Euler angles, © = («, 3,7), is that
of the crystal axis frame, (X,Y, Z), in the laboratory frame, (z,y, z), fixed by the external magnetic field direction
along z. The transition from quantized energy level ¢ to j is one of Y!/(T — 2)! possible transitions between T levels.
Here we count ¢ — j and j — ¢ as different transitions. The number of quantized energy levels for N coupled nuclei

is
N

Y1 1aIny = H(2Iu +1), (3)

u=1
where [, is the total spin angular momentum quantum number of the uth nucleus and the system of coupled
nuclei under consideration is represented with the notation, {Iy,Is,...,Ix}. Thus, a single spin with angular
momentum quantum number /, indicated by {/}, will have T;;; = 2I + 1 energy levels and 2I(2] + 1) possible
NMR transitions. Similarly, {I,S}, a two spin system will have Yi; ¢y = (2/ +1)- (25 + 1) energy levels and
[(2I+1)-2S+D)/((2I +1) - (25 + 1) — 2)! transitions.

We represent a transition (coherence) from state ¢ to j using the outer product notation |j) (i|; a notation which
one can associate with a raising or lowering operator, Ii J ), in a fictitious spin-half or single-transition operator
formalism[I8] [19] expansion of the density matrix. We also represent longitudinal order involving states inside square
brackets. For example, the single-transition longitudinal Zeeman order associated with states ¢ and j is represented
as [i, j]; a notation which one could again associate with the I éi_j ) operator in a fictitious spin-1/2 or single-transition
operator formalism[I8] [T9]. Multi-state longitudinal orders, such as Zeeman order of a single spin I, are represented
in square brackets as [z;] and would be analogous to I, in a product operator[20] expansion of the density matrix.
Similarly, we represent magnetic dipolar order in two coupled spins with the notation [zfj], which, again, would be
analogous to longitudinal two spin order I.I,, ina product operator description. Likewise, the electric quadrupolar
order of a single spin, I, will be represented with the notation [z?]

We will also find it convenient to represent the transition |j) (i| as an open circle on a transition diagram, as

shown in Fig. |2| for each of the six possible transitions in the {I = 1} case. Similarly, a single-transition Zeeman
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Figure 1: The degrees of freedom that influence a resonance frequency in an NMR spectrum in a uniform external magnetic
field can be separated into those associated with transitions between eigenstates ¢ — j of the stationary state semi-classical
Hamiltonian and the macroscopic orientational degrees of freedom associated with the lattice containing the NMR active
nuclei. The orientation of the lattice, ©, is that of the crystal axis frame (X, Y, Z) in the laboratory frame (z, y, z) fixed
by the external uniform magnetic field direction (z), and described using Euler angles, © = (a, 8,7). The NMR frequency,
Q(0,1,7), is a sum of components, each a function of the 7 — j transition and sample orientation © with respect to a uniform

external magnetic field direction.

order is represented on the horizontal dashed line of the transition diagram with two open squares around the
two corresponding single transition Zeeman order states, as shown in Fig. —C in the {I =1} case. Multi-state
longitudinal Zeeman order is represented as a solid line over the horizontal dashed line as shown in Fig. BD. A
transition diagram is labeled with states like a density matrix, except it is turned 45°, with longitudinal order among
states appearing on the horizontal dashed line connecting solid gray circles and off-diagonal transitions (coherences)
between states appearing above and below the horizontal dashed line. Note, however, that we use a transition diagram
only to indicate when a particular transition (coherence) exists, and unlike a density matrix, do not represent the
amplitude of a transition (or population) on a transition diagram. This is done in the same spirit as a coherence
transfer pathway diagram, where the pathway efficiency is not represented in the diagram.

Manipulations of spatial and spin transition degrees of freedom can often be performed on a time scale faster
than the lifetime of the NMR excited state. Knowing the time dependence of the spatial, ©(t), and spin transition,
(i = j)(¢), functions, the average frequency of the kth component can be calculated using

ﬁ—% t:(k)g, (k) [ r N s (ot ’
=7 | EPee) e i@ a (4)
which one might call “Average Frequency Theory.”

Manipulations of a spatial orientation function, {,(0), are well described using the orthogonal rotation subgroup.
To emphasize spatial symmetries we classify the spatial functions, &(©), using the upper-case symbols S, P(©),
D(©), F(0©), and G(©) according to:

s o R{Y, P() x BRI (0), DM () o R (0), FM(0) x REY (0), 61N (0) R (), (5)

where the RE‘& (©) are elements of irreducible tensors of rank L in the laboratory frame describing the spatial part of a
frequency component arising from a given nuclear spin interaction, here generically labeled as A. The proportionality
constants are interaction specific, derived in and given in Table|l} Using the orthogonal rotation subgroup, the
spatial reorientation trajectory, ©(t), or spatial pathway, maps into a set of spatial symmetry pathways associated with
each Zx(0). One of the most common spatial pathways in NMR is reorienting the sample through an angle ¢ = wrt
about a single axis at an angle 6 with respect to the external magnetic field, defined with O = (¢r,0r,0), as

illustrated in Fig [4A. In this case, we further separate each spatial symmetry function into a sum of functions with

11
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Figure 2: Transition diagrams illustrating the six possible transitions in a {I =1} system: (A) |—1)(0|, (B) |0) (—1[, (C) |0) (1], (D)

[1) (0], (E) |—1) (1], and (F) |1) (—1]|, where |m;) (m;| indicates a transition from the initial state m; to the final state m;.
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Figure 3: Energy level and transition diagrams illustrating various longitudinal orders in a {I = 1} system. Open circles on energy

level diagrams represent populations associated with longitudinal order shown in the adjacent transition diagram, while closed circles

on the energy level diagram represent populations not associated with the longitudinal order shown in the adjacent transition diagram.

Single transition Zeeman order is indicated on the horizontal dashed line with two open squares around the two corresponding single

transition Zeeman order states in (A) for [—1,0], in (B) for [0, +1], and in (C) for [—1, +1], where [m;, m;] indicates the single transition

Zeeman order involving states m; and m;. In (D), multi-state longitudinal Zeeman order involving populations from all energy levels

is represented by a solid horizontal line or the symbol z; inside a square. In (E), multi-state longitudinal quadrupolar order involving

populations from all energy levels is represented by the symbol z? inside a square.



symbols P}{LA}(HR,(bR), Dn)‘}(QR,(Z)R), Fi{\}(QR,d)R), and Gil)‘}(QR,d)R) and defined by:
P (@) =PI (08) + P (0k, 6r), (6)
DM (Or) =D{M (6r) + DM (0r, 6r) + DIM (0, 6r), (7)
FOY©r) =F$M (0r) + FM (0, 65) + FSY (08, dr) + FSM (0r, 01), 8)
6 OR) =6IM (0r) + G (0, dr) + GIM 0k, or) + GIM (0r, dr) + GIM (0R, dr). (9)

as derived in[A.5] Under continuous sample rotation, the n # 0 components become modulated at a frequency of nwg
and average to zero at integer multiples of 27 /nwr. The n = 0 components are not modulated by sample rotation and
will be zero only when the sample rotation axis, fg, is set to one of the corresponding roots of the L-rank Legendre
polynomial, given in Table Historically, “Magic”-Angle Spinning (MAS) was developed to average away first-order
anisotropies, which are second (L = 2) rank in nature[7, [§]. Here we expand the usage of the term with the prefixes
given in Table 2 to describe sample rotation about any single axis that removes anisotropies of rank L. To simplify

usage in figures and discussions, we further define for the n # 0 single-axis rotation spatial symmetry functions

s
(L) P’i)\}(eR7 ¢R P{)\} <0R7 ¢R -7 + ¢/{A} 27) ) (10)
L 0y Method o 7?
DM (6 N (0r, b — 7+ — — 11
1| 90.00° P-MAS (6, #r) = ( R OR =Y+ V2n zn)’ (11)
{7} } ACY
9 | 54.74° D-MAS Fy Y (Or, 9r) = (aRa¢R Y+ sy Qn)v (12)
T
3| 30.23° | 90.00° | F-MAS G 6, 6m) =6 (0,6~ +uifl) = 50). (13)
4 | 30.56° | 70.12° | G-MAS where .
! in
AN _ ! s{rflem} (14)
. Lin A} ’
Table 2: Roots of Legendre polynomials of %{RLW e”W}

cos 6 where Py, (cos 0( )) = 0, with the associ-

ated single axis rotation NMR spatial averaging

method.

and R{z} and I{z} represent the real and imaginary parts, respectively,

of a complex number z. Here, R/L{)‘} are elements of irreducible spherical

\n

A q o drr drs Jir Jis
\ 1 /1 1 N
SRS -] s | ' S
1
p{A}/Ri’\O} B} B} B} _ - B}
J
1 1 /2 2 2 /2 1 1 /2
D pN | L \f 2 \/> 1 \/>
/B0 3Cq G V3 Cd CaV3 Cs V3
1 1 1 6 2 1 6 1 1 6
gi{rar} R{)\QI} - \/7 _ \/> _ \/>
/Foo 9 | C3G V5 a3 V5 Cr3cth
1 1 1 3 2 1 3 1 1 3
Dfrar} R{Aql} - _\/7 _ _\/7 _ _ - \[
/2o 92 | 3¢ VT Casef V7 Cr 3tV T
GOt ey | L) L 1 a8 2 1 a8 o 1 1 18
T 96| G 3G V8D Ca3¢it V35 ¢raci V35

Table 1: Proportionality constants between E{A}(Q) and the irreducible tensor element R{ }(6) for various nuclear spin interactions.
Here g = electric quadrupole coupling, o = nuclear shielding, d;; = strong dipolar coupling, dIs = weak dipolar coupling, J;; = strong
J coupling, and J;g = weak J coupling.
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spatial tensors of rank L in the sample holder (rotor) frame for the A interaction. The definitions for P, (g, ¢r),
D, (0r,¢r), Frn(Or, ¢r), and G, (0r, ¢pr) are constructed to have a ¢r dependence that reflects the spatial symmetry
independent of the interaction’s principal axis system orientation. The symmetry pathways for S and D,,(0r, ¢r)
under a spatial pathway of rotation about a single axis are shown in Fig [4B.

In DOuble Rotation (DOR)[21], 22], where a sample is being reoriented through an angle ¢; = wg,t about an axis
at an angle 6; with respect to an axis that is also being reoriented through an angle ¢, = wgr,t at an angle 6, with

respect to the external magnetic field, we divide the irreducible tensor element symbols of Eq. into (see | A.5)

P (0o, b0 Xos 0 03) = PYY (80, 05) + PEY (80,6, 05) + PUY (80, b0y X0, 05) + PYY (80, bos X0 0 0i)  (15)

D™ (0, b0, Yo 01 6) = DSV (0, 65) +ZD“} (00,03, 63) + ZD“} (80, b0 Xor 07)

n;=1 ne=1

+ Z Z DM, (B0, B0, Xor i, 6),  (16)

ne=1n;=1

3 3
FOY (0o, Gor X005, 0) = FS 1 (00,00) + S FO (00,0:,00) + 7 (00, 60, x0.02)

n;=1 ne=1

+ Z Z FM (00, 60, Xor 01 61), (17)

ne=1n;=1

G (8o, Go, Xo» i, 01) = GL1) (0, 61) ZGéé}; 00,0, ¢1) + ZG{” (001 Go: Xor 1)

n;=1 ne=1

+ Z Z G’;{Li\,}n 90a¢07X079ia¢i)a (18)

ne=1n;=1
where Y, is the initial phase of the outer rotor. Under continuous sample rotation the n; # 0 and n, # 0 components
become modulated at frequencies of n;wg, +n,wg,, and average to zero at integer multiples of 27/ (n;wg, £ nowr, )-
Typically, 6, and 6, are set to the zeroes of the second- and fourth-rank Legendre polynomials, so that Dg o(6,,0;) =

Go,0(85,0;) = 0. As before, to simplify usage in figures and discussions, we further define

P (05, 05) =P (600, 00), (19)

Pt 00,01 00) =P (90, 65 =7+ U, 2;) : (20)

P (8o, 00, X0, 01) =P, (B, 00, X0, 01) , (21)
P (0, 00, X0, 050 0i) =PI, (eo,aso,xo,ai,asz VAU, —27;> (22)
D% (00,0:) =D3) (0, 02), (23)

DY 00,6 =D, (80016 =7+, = 5 ) @)

D (0, b0, X0, 0:) =DEV, (00, 60, X0, 0:) (25)
DM (00, b0, X0, 0i, ) =DM, (0o,¢o,xo,ai,¢z VA Y — ;;) (26)
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F{5) (60,0:) =F§3 (0, 0:), (27)

F(;{,i\i(gm 0, di) :Fé:\fi (90791', i =+, — 2:;) ; (28)
F2 (00, 60, X0, 0:) =F2, (B0, 60, X0, 01) (29)
F (B0, dos Xo» 01, 05) =FI, (90, Bos Xos iy G — 7+ U} . — 27;) : (30)
G (05,0:) =G} (8,.0,), (31)
G (00, 0:,6) =G, (90, i i =7+ 0, — 27;) : (32)
G (8o Bor X0 0) =G (B 0 X0, 61) (33)
GIM, (00, b0, Xo, 0, 6i) =G, (00, Bos Xos 0, 0 — Y + 11, — 27;) : (34)
where
A} _ pan—! N {Rﬂ}em} 35
e ey ) B

T G(t) = (¢R = thaeRao)
Here, RZ{:L‘} are elements of irreducible spherical spa-

tial tensors of rank L in the sample holder (inner rotor) s
frame for the A interaction. The definitions for spatial &
symmetry functions Py, pn,(-..), Dnymi (- 2)s Fgng (o) (B)
and G, n,(...) are constructed to have a ¢, and ¢; de- S 0

pendence that reflects the spatial symmetry independent

of the interaction’s principal axis system orientation. Dy 0

The spin transition function, & (4, j), is typically ma-

nipulated via the coupling between nuclear magnetic Dy 0

dipole moments and the oscillating magnetic field of ex-

ternally applied radio frequency pulses. Manipulations Dy o0
2

of a &(i,7) can also be described using the orthogonal

I | | I | |

6r

o_._._
N sl
)
N
3

rotation subgroup, provided the strength of the rf field
coupling is orders of magnitude larger than internal spin

couplings. To emphasize spin transition symmetries un- Figure 4: (A) Spatial pathway for sample reorientation through an

der the orthogonal rotation subgroup we classify the spin  angle ¢5 = wrt about a single axis at an angle 0 with respect to

transition symmetry functions, &(i,7), using the lower- the external magnetic field. (B) S, D1, and D2 symmetry pathways
Ounder a single axis rotation spatial pathway.

case symbols s(i, j), p(4,7), d(4,j), and (¢, j) according to:

s(i, §) =(j1T50l5) — (@175l (36)
p(i, J) =(1T7ol) — (ITT ol (37)
d(i, ) =(i|T5013) = (ilT50l0), (38)
(i, §) =(i1T5015) — (QIT5,l0), (39)

where the Tfo are irreducible tensor operators[I2, [I3] in the rotating tilted frame[23]. To simplify usage in figures
and discussions, we further define
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Figure 5: Values of spin transition symmetry function p;(m;, m;) for a {I} system with (A) integer and (B) half-integer spin values.
Values inside black circles are negative.

In the case of a single spin system, {I}, these evaluate to

S[(mi,mj) = 0,

pr(mi,m;) = m; —my,

dr(mi,mj) = m? —m?2, (41)
1
fr(mi,m;) = 3 5(m§-’ — m?) + (1 =3I(I+1))(mj; —my)|,

and are given in the “transition symmetry” tables shown in Figs. for p;(m;, m;), dr(m;, m; ), and f;(m;, m;).
Values shown inside solid black circles are negative. Note that all d;(m;, m;) are zero for spin I < 1, and all f7(m;, m;)
are zero for spin I < 3/2. Our definition of p;(m;, m;) is identical to the “coherence order”, p, defined by Bodenhausen
et al.[I4], and our definition of d;(m;, m;) is identical to the “satellite order”, ¢, recently defined by Antonijevic and
Bodenhausen[24]. A well-known and important feature evident from Fig. |§| is that the dy(m;, m;) values vanish for
all symmetric m — —m transitions. This has the greatest impact for the Zeeman-allowed m = % — —% transition of
half-integer electric quadrupole nuclei, i.e., the central transition, which as a result of this symmetry is unaffected
by the electric quadrupole interaction to first order.

As noted, the spin transition functions s(i, j), p(¢, 7), d(4, j), and £(4, j) reflect their symmetry under the orthogonal
rotation subgroup, which is relevant during rf manipulations in the limit that the rf field strength is larger than all
internal frequency contributions. In such a situation, familiar rules hold, such as d(i, j) values being invariant under
a m pulse while p(Z, j) and (4, j) change sign. This symmetry is apparent in the transition symmetry tables taking
an inversion of values through the i, j origin as isomorphic to the effect of a non-selective 7 pulse.

One could extend these definitions to include the transition frequencies of coupled nuclei. As is often the case,
however, the problem quickly becomes intractable with an increasing number of coupled nuclei. Here, we will only

consider two coupled nuclei in two special cases. In the first case of strong coupling between nuclei, we define the

16
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Figure 7: Values of spin transition symmetry functions fr(m;, m;) for (A) {I = 3/2}, (B) {I = 5/2}, and (C) {I = 3}. Values inside
black circles are negative.
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negative.

strongly coupled basis set in terms of the individual nuclear basis sets according to

‘IaM>: Z <Il Iy my m2|I7M> |m17m2>a (42)

miy,ma

and write frequency in terms of this strongly coupled eigenstates, M;, as

(O, M;, My) =Y (O, M;, M), (43)
k
with each component given by
Qu (0, M;, M) = wi 217 (0) &7 (M5, M;). (44)
In this context, we define
pII(Mi, Mj) = <I’ Mjlff,O(Ih 12)|]> Mj> - <I’ Mi|T10,O(Il7 I2)|I’ Mi>> (45)
drr (M;, My) = (I, M;|T5 (T, To) [T, M;) — (I, M;| T5,o(Ty, T) | T, M) (46)

In the second case of weakly coupled nuclei, we write

U0, my i, msimr g ms ;) = (O, mpi,mei,mpj,ms,;), (47)
o

with each component given by
0,.(0 , , , N — o 28 @) ¢(R) . 4 , : 48
6(©,my i, msi,myr i, ms ;) =wk 2y ( )QI’ZS(mI’Z,m571,m1,],m57]), (48)

using the weakly coupled basis set, |mmg), where my; and m; ; label the eigenstates of the nucleus, I, and mg,

and mg ; the eigenstates of the nucleus, S. In this context, we define

P1(my i, msimr g, ms;) = (mrj,ms;|T5o@)mr g, ms ;) — (mrs,msi| Ty o(Dmyq, ms.), (49)

18



Figure 9: Values of spin transition symmetry functions 2(pp)rs(mr,q, ms,:, mr j,ms, ;) for a {I = %, S = %} system. Values inside black

circles are negative.

ps(mf,ivms,iaml,jvms,j) <m1jamS]|T1 0 S |mlj7mS] mr., Mg, Z|T1 ,0 S)|mI iy, TS, 7,>

(dp)1s(mp i, msi,mr g, ms;) = (mpj,ms;|T5 0T o(S)mrj, ms.;) — (M,

(S) ) —{ (

(PP)15(mr i msimij,ms ;) = (mrj,ms |15 o (DIY o (S)mr 5, ms. ;) — <m1wm5z|T1 (D7 o(S)|mrisms.i),
(S) ) = 5ol
) ) —{ (

(pd) 15 (mrismis i mi j,ms ;) = (my g, mas |17 (D5 o(S)|my 5, ms
For two weakly coupled homonuclear spins, it can also be convenient to define
Prs(mri,ms.i,mrj,ms ;) = Pr(mri,mr ;) + Ps(ms,i, ms;).

As before, to simplify usage, we further define

(pp)1s(mr,i,msi,mrj,ms ;) = 2(PP)1s(mr,i, ms,i, M1 j,Ms,j),
(dp)rs(my i, msi,mrj,ms;) = 2V6 (dp)rs(mr.i, ms.i, my j,ms.;),

(pd)1s(mri,msi,mrj,ms;) = 2V6 (pd)rs(mr,i,ms,i,m1 j, ms,;),

which evaluate to

1 1

(pp)1s(mr,i,msi,my 5, Msj) = 2my jms,j — 2my ims,; for I > > S > 2

1

(dp)rs (i, ms,imi joms ) = 6 (m7 ms j —my ms) = 20T + 1)(ms; —ms,),  for [>1, 8>z,
1

(pd)1s(mr,i,msi, mr j,mg;) =6 (ms my j — m?;,imjyi) —25(S+1)(my; —myp,;). for I > 2 S >1.

Note that (dp)rs(mr,, ms,i,mrj,ms;) =0 when I <i 5, and (pd)rs(mr,i, msi, mr j,ms ;) =0 when S <
bles of transition symmetry function values for (pp)ls(m“,mg7z,m1,],mg7]), (dp)rs(my i, mgi,mr j,m
(pd)rs(mr,i, ms:, mr ;,mg ;) in selected {I, S} cases are given in Figs. |§| through

19
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Figure 10: Values of spin transition symmetry functions 2\/5(dp)15(m1,i,ms,i,mfyj,ms,j) for an {I = %, S = %} system. Values inside
black circles are negative.

Using the definitions in this section, the first-order contributions to the frequency of an NMR active nucleus can
be written in the form of Eq. for the nuclear shielding and electric quadrupole interactions as well as the magnetic
dipole and J coupling interactions. These are given in Table [3|for a static sample and one averaged with D-MAS. As
noted earlier, all spatial dependences with n # 0 are averaged to zero in the high rotation speed limit under sample
rotation. In Table |3| we see, as expected, that the isotropic nuclear shielding and J coupling contributions to the
NMR frequency survive under D-MAS. We also see the lesser-known result that the contribution from the anisotropic
antisymmetric J coupling in the strong coupling limit survives under D-MAS[25, [26].

When the electric quadrupole coupling of a nucleus is no longer negligible compared to the Zeeman coupling, there
will be second-order and possibly higher-order contributions to the NMR frequency. For second-order corrections to
the NMR frequency for the electric quadrupole interaction, we define the spin transition function cr(m;, m;) as a

linear combination of py(m;, m;) and f;(m;, m;), according to

} {2,2}

cL(mi,mj):wg?f pr(mi,m;) +my s fr(mi,m;), (61)

where W}ff} and Wi?:f} are constants defined in Table and Eq. (A.157) in With this definition, we

obtain
2) — ‘? {aq} ‘? {aq} 2 {aq}
Slg (@Jni,mj) OS 9 Co(mi,mj) + OD 99 (@) Cg(mi,mj) + 0G 9 (@) C4(mi,mj), (62)

as the second-order correction to the NMR frequency arising from the electric quadrupole interaction. Notice that
the three frequency components have different spatial symmetries, S, D(©), and G(©). The S-containing component
is the isotropic second-order quadrupole shift. Also note that the D-MAS spatial pathway does not have sufficient
symmetry to average away all the anisotropies in this frequency contribution, leaving the Gy (Gg\?) containing

component,
<Qt(12) (i, mj)>

As with the f;(m;, m;) values, these values depend on the nuclear spin I. Once again, to simplify usage, we further

2 2
— Y0100} ¢y (my, my) + —2LGL9 (657) catmi,my). (63)
D-MAS wo © wo 0 M v

20
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%

Figure 12: Values of spin transition symmetry functions 2\/6(dp)15(m11i, ms,i,my,j,ms,;) for an {I = %, S = %} system. Values inside
black circles are negative.
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Figure 14: Values of spin transition symmetry functions (A) 2co(m;, mj), (B) 2ca(m;,m;), and (C) 2c4(m;, my) for a {I = 1} system.
Values inside black circles are negative.

co(m;, m;) ca(mi,my;)

Figure 15: Values of spin transition symmetry functions (A) co(ms,m;), (B) ca(mg, m;), and (C) ca(my, my) for a {I = %} system.
Values inside black circles are negative.

define

Co(miamj) :\/E)Co(mi,mj),
C2(mi7mj) :\/ﬁcz(mumg‘% (64)
ca(mi, m;) :\/%Czl(mi,mj).

The transition symmetry tables for co(m;,m;), ca(m;, m;), and ca(m;, m;) are given in Figs. for
spins I = 1, 3/2, 5/2, 3, and 7/2, respectively. The transition symmetry tables for co(m;, m;), co(m;, m;), and
cq(m;, m;) for spin I = 9/2 are given in Figs. and respectively.

Second-order contributions involve not only the electric quadrupole interaction but also any interactions that
depend on the same spin angular momentum as the nuclear electric quadrupole moment. Thus, we also consider
“cross terms” between the electric quadrupole coupling and the nuclear shielding, weak magnetic dipole, and weak
J-couplings. These contributions, in the form of Eq. , are given in Table (| for all transitions in a static sample.
Detailed derivations of all frequencies in Tables [3| and [4] are given in the Appendix.

Manipulations of a spin transition function, &(4,j), can be described with permutations of transitions. In this
context, we introduce the idea of a spin transition pathway, (i — j)(t), in an NMR experiment. An NMR experiment
can be defined using a single transition pathway or a set of transition pathways with the total NMR signal arising from
the sum of transition pathway signals. In the high field limit, only transition pathways passing through transitions
with m; —m; = £1 can be directly observed, although the convention is m; — m; = —1. Generally, each observable

transition pathway will be associated with a single resonance in the NMR spectrum. For example, a Bloch decay

24



Figure 16: Values of spin transition symmetry functions (A) co(m;, m;), (B) c2(m;, m;), and (C) ca(m;, m;) for a {I = %} system.
Values inside black circles are negative.

experiment on a spin I = 1 nucleus will have two observable transition pathways:

P R )
[27] = 10) (+1].

We can use transition diagrams to aid in visualizing these transition pathways, as shown in Fig. In this example, a
single rf pulse applied to a spin I = 1 nucleus at equilibrium in an external magnetic field will create two observable
transition pathways, here indicated as pathways 1 and 2.  Each spin transition pathway can be mapped into
a transition symmetry pathway for each spin transition symmetry function, &(m;, m;), present in the frequency
expression for the spin system. In the case of a spin I = 1 nucleus in a polycrystalline sample, the frequency could,

for example, include an isotropic nuclear shielding and an electric quadrupole splitting given by
QO,m;,mj) = —wo Tiso Pr(Mmi, m;) + wqy Die} (@) dr(m;, m;). (66)

For a Bloch decay experiment in this system, we overlay the two transition pathways on the p;(m;, m;) and d;(m;, m;)
tables as shown in Fig. , and write the p;(m;, m;) pathway as p; = 0 — —1 and d;(m;,m;) pathways as

25
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Values inside black circles are negative.
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(A)

(B) & >~

Pathway 1

Figure 22: (A) Three-dimensional representation of the two transition pathways in a one pulse experiment in a {I = 1} system
Two-dimensional transition pathway diagrams for the two pathways in (A)
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Pathway 2

. (B)
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Figure 23: (A) Transition pathways on the p; and d; tables for a {I = 1} system with the transitions observed in a Bloch decay
experiment enclosed in circles with thick lines. (B) The p; and d; symmetry pathway for the Bloch decay experiment. A solid triangle
represents a contribution to the observable free induction decay. (C) Simulated spectrum showing the resonances from two transitions
in a polycrystalline spin I = 1 nucleus experiencing an isotropic nuclear shielding and an electric quadrupole coupling. (D) Simulated
spectrum showing the resonances from two transitions in a spin I = 1 nucleus experiencing only an isotropic nuclear shielding.

d; = 0 — =1, as shown in Fig. 23B. Thus, determining whether the spectrum will contain one or two distinct
resonances will depend on the frequency component transition symmetries present. These two transition pathways
give rise to a spectrum containing the two D{¢} (©) powder pattern resonances shown in Fig. . In the liquid state,
where molecules are undergoing rapid isotropic motion, all frequency components average to zero except those with

a spatial part of S. Thus, only the isotropic nuclear shielding frequency remains in the liquid state,
Q(O,mi,m;) = —wo Tiso Pr(mi, my), (67)

leading to a spectrum with a single narrow resonance, as indicated in Fig. 23D.
As another example, consider a Bloch decay experiment on two weakly coupled spin I = 1/2 nuclei in the liquid
state. In a homonuclear AX system, we adjust our notation, replacing p; with p,4, pg with py, and (pp);s with

(pp)ax. Here there will be four observable transition pathways:

al = b (4]
{In=31Ix =3} [zl = =3 —3) (+3. 3, (68)

lex] = |+, -2) (a3l

) |-h =B (b

Again, determining the number of distinct resonances in the spectrum depends on the frequency component symme-
tries present. In the case of two weakly coupled spin I = 1/2 nuclei experiencing both the isotropic nuclear shielding

and J coupling, the frequency is

QO,ma;, mx,i,MAj, Mx ) = —W0 Tiso,A PA(MA,MA ) — WoTiso,x Px(Mx,i,Mmx ;)

+27Jiso (PP)ax(ma,i,mx i, maj,mx,;). (69)
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For this Bloch decay experiment, we indicate the four transitions on the py4, pyx, and (pp)ax tables, shown in
Fig. , and write the p, pathway as py = 0 — —1, the py pathway as py =0 — —1, and (pp)ax pathways as
(pp)ax = 0 — =£1, shown in Fig. [24B. These pathways give rise to a spectrum containing the four resonances shown

in Fig. 24C.
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3. Echo classification

With the definitions of the previous section in place, we generalize the concept of coherence transfer pathways[I4]
277], which were originally developed as an approach for designing rf phase cycles but also provide a powerful approach
to “see at a glance” why and when certain echoes form in a multiple pulse NMR experiment. For example, the well-
known Hahn-echo occurs when frequency components containing p, values change sign in an experiment. That is, a

Hahn echo forms when
1

t
b= [ pie)ar —o, (70)

assuming a frequency component’s spatial multiplier, =, remains constant during this period. A problem with
showing only the pathway for p; values is that it does not explain the formation of NMR echoes that result when
other frequency components change sign during time evolution. As we have just seen, frequency components contain
spin transition symmetry functions such as p;, di, fi, Co, C2, Ca, (PP)1s, (dP)rs, or (pd)ss, in products with
spatial symmetry functions such as S, P, D, or G. In other words, the p; pathway only shows a small part of how
components of an NMR transition frequency can change between evolution periods. To fully understand when and
which frequency components refocus into echoes, we must follow all relevant spatial, transition, or spatial-transition
product symmetries through an NMR experiment. Thus, we generally classify echoes that refocus during a time

interval as a transition symmetry echo when

1t
&= E/ &) dt' =0, with constant Zj, (71)
0
a spatial symmetry echo when
- 1 [t
=L = ?/ EL(t')dt' =0, with constant &, (72)
0
and a spatial-transition symmetry product echo when
1 t
=& = {/ EL() &) dt' = 0. (73)
0

Within the class of transition echoes, we find subclasses such as p echoes, which include the Hahn echo[5] and the
stimulated echo; d echoes, which include the solid echo[28] and Solomon echoes[29]; ¢y echoes, used in Multiple-
Quantum DOuble Rotation (MQ-DOR)[30]; ca echoes, used in Correlation Of Anisotropies Separated Through Echo
Refocusing (COASTER)[31]; and ¢4 echoes, used in Multiple-Quantum Magic-Angle Spinning (MQ-MAS)[32] and
Satellite-Transition Magic-Angle Spinning (ST-MAS)[33]. Within the class of spatial echoes, we find subclasses such
as D1 and Dy rotary echoes, which occur during sample rotation, and Dy and Gy echoes, which are designed to occur
simultaneously during the Dynamic-Angle Spinning (DAS) experiment[21], [34].

Below we give illustrative examples of various types of echoes in several commonly used NMR experiments. Bear
in mind that any particular NMR pulse sequence will generate many transition pathways, and generally, only signals
from a particular pathway or subset of transition pathways will result in a desired signal. In each NMR experiment
described below, we will restrict our discussion to its desired pathways. Signals from undesired transition pathways
often result in spectrum artifacts which can be, but are not always, eliminated using techniques such as rf phase
cycling, pulse length optimizations, selective pulses, multiple quantum filters, or field gradients.

3.1. p Echoes
3.1.1. The Hahn echo

We begin with the familiar Hahn echo, an example of a p-echo. As a starting point, we examine the first-order

nuclear shielding contribution to an NMR transition frequency given by

le)(@vmi,mj) = —Ww0iso Pr(mi,mj) — wols Di7}(O) pr(mg,mj). (74)
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Figure 25: (A) Hahn echo transition pathway in Eq. on the p; table for a spin I = 1/2 nucleus. (B) Pulse sequence and p;
pathway for spin echo experiment. A filled diamond represents a contribution to a directly observable echo. An open triangle represents
a contribution to an indirectly observable free induction decay. (C) In the 2D signal acquired as a function of t; and t2, as defined in
the pulse sequence in (B), both the isotropic and anisotropic nuclear shielding contributions are refocused into a p;-echo along the line
p[Il]tl + p[12]t2 = 0. The dashed line represents a passive affine transformation of the 2D coordinate system to create a time coordinate,
t/, along which the signal is unaffected by frequency components containing p;. (D) After applying an active affine transformation with
a shearing ratio of k(¥1) = —(p[Il]/p[IQ]) = 1 and scaling factor of ¢z = |£(@1)| 41 = 2, the 2D signal along the t} coordinate is unaffected

by frequency components containing p;. See SectionE] for a complete description of the application of affine transformations.

The two contributions in Eq. have the same transition function symmetry, py, but different spatial symmetries,
S and D. These two frequency components can be separated in experiments that manipulate spatial degrees of
freedom but cannot be separated in experiments that only manipulate spin degrees of freedom.

Consider the two pulse sequence in Fig. [25|on a spin 1/2 system that generates the transition pathway

1. 1 1 1 1
{I=3}:la) = [+2) (=3 = |-2) (+3l; (75)
where [z7] represents Zeeman order. Using the table in Fig. , this transition pathway maps into the p; pathway
p; =0 — +1 — —1, shown in Fig. [25B, which show that both components of the nuclear shielding interaction are

refocused into an echo during t; when t5 = t;. More generally, if a coherence p[ll] is excited during t; and then

transferred to p[IQ] during to, the accumulated signal phase from nuclear shielding evolution,

(I)g(tl, tz) = Q([Tl]tl + Qg]tg, (76)

will be zero when
pt +pts =0, (77)

leading to a p; echo formed during to at ty = f(p[ll]/p[f])tl. As illustrated in Fig. , the application of
an affine transformation to the 2D signal with a shear parallel to the ¢ coordinate using a shearing ratio of
k1) = —(p[ll}/p[f]) =1 and scaling of the t; coordinate by a factor of ¢+ = 1+ [(*1)| = 2 leads to a modified 2D
signal, as illustrated in Fig. , that associates the ¢} dimension with system evolution without any p;-containing

frequency contributions. Definitions and additional details on using affine transformations in NMR can be found
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Figure 26: (A) Hahn echo transition pathways in Eq. (79)) on the p; and dj tables for a spin I = 1 nucleus. (B) Pulse sequence with p;
and dj pathways for a two-pulse Hahn echo experiment. A filled diamond represents a contribution to a directly observable echo. An
open triangle represents a contribution to an indirectly observable free induction decay.

in In section , we will examine how D-MAS can be used to separate the S and D containing frequency
components.

Next, consider a spin I = 1 nucleus evolving not only under the first-order nuclear shielding frequency of Eq.
but also under the first-order contribution from the electric quadrupole coupling Hamiltonian given by

QM (0, mi,my) = wy DI () dr(mi, my). (78)

In a Hahn echo, (§ —t; — 7 — t3), experiment on a spin I = 1 nucleus, there will be two transition pathways:

=1y [zr] = [0){=1] — [0) (+1], (79)
[zr] = [+1)0] — |=1)(0].

As shown in Fig. @ these two transition pathways map into the single p; pathway, p; =0 — +1 — —1, and two d;
pathways, df =0 — +1 — +1 and d; =0 -+ —1 — —1. Notice that a non-selective 7 pulse can generate a p; echo
but not a d; echo since the d; values are invariant under a non-selective 7 pulse. Thus, the signal acquired along
the p;-echo tops as a function of ¢t; = t5 will be phase modulated by the d; containing component of Eq. . By
applying the affine transformation described in Fig. 25|C and 25D, a 2D signal is obtained having both p; and d;
containing frequency contributions along the ¢} axis, but only d; containing frequency contributions along the t}
axis. Generally, a transition frequency evolving along ¢} after a shearing parallel to the 5 coordinate and scaling of
t, is a weighted average of the transition frequencies during ¢; and to, respectively, given by

() _#m) +L
S T P i Y

(s, » (80)

while the transition frequencies along t}, remains the same as along t2. Additionally, to avoid truncation artifacts in a
2D separation of interactions, both echo tops need to occur simultaneously at some point inside the ¢, t2 acquisition
window. Generally, 2D experiments are designed so this occurs when ¢; = t; = 0 to avoid the need to apply large
first-order phase corrections to the 2D spectrum.

3.1.2. SEDOR

The Spin Echo DOuble Resonance (SEDOR) experiment[35, [36] on two weakly coupled spin I = 1/2 nuclei,
shown in Fig. 27 is, in this sense, identical to the p;-echo experiment on spin I = 1. Here we include the additional
possible frequency contributions from the magnetic dipole and J couplings,

Q(l)

4 (©,mr i, ms i, my j,ms ;) = wa Drs3(0) (pp)1s(my,i, ms,i, my j,ms.;), (81)
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Q(l)

Jis (e, My, M3, M 5, mS,j) = 2nJis0 (pp)zs(mu, mg.i, My j, ms,j)

+21¢;DVsH () (pp)1s(mr i, ms,i, mrj,ms ), (82)

and write the two nuclear shielding contributions as

QWM (O, myi,ms.i,mrj,ms;) = —Woiso.s Pr(mrismrj) — wols 1D (O) pr(mr i, mr ;)

— W00iso.s Ps(Mms.i, ms ;) — woly.sD75(0) ps(ms,i,ms;). (83)

In the SEDOR experiment, we consider two transition pathways:

] = [+, -3) (=503
S US RN G |
{I:%,S:%} - ‘ 2’+2><+27+27 (84)
] = [+, 43) (=543
= [=3 -3 (43,3

As shown in Fig. these two transition pathways map into a single p; pathway, p; =0 — +1 — —1, and two (pp)ss
pathways, (pp)rs =0 — +1 — +1 and (pp);s =0 — —1 — —1. A (pp)ss echo can be generated with a selective 7
pulse on spin I; however, as is evident in the (pp);s table in Fig. , the (pp)rs value will remain invariant through
the transition pathway if a simultaneous selective m pulse is applied on spin S. Thus, the signal acquired along the
p;-echo tops as a function of ¢; = t2 will be modulated by the (pp);s containing first-order spin coupling frequency
component. Using the same affine transformation of Fig. and , a 2D SEDOR spectrum with pure (pp)rs

interaction in the ] dimension is obtained.

3.1.8. The double quantum echo

Next, consider the double-quantum experiment[37] on spin I = 1 shown in Fig. In this experiment, a weak
(w1 < wg) rf pulse combined with proper phase cycling is used to excite the normally forbidden double-quantum
transition, which is converted, after ¢, into single-quantum coherence using a strong (wi > wq) rf 7/2 pulse. The

experiment has two transition pathways

(=1} [z1] = [+1) (=1] = [-1) (0], (85)
[z1] = [+1) (=1] = [0) (+1],

which map into a single p; pathway, p; =0— 42 — —1, and two d; pathways, df =0—0— +1 and
d; =0—0— —1. As mentioned earlier, the d; are zero for all m; — —m; transitions, so the double-quantum
transition in a spin I = 1 nucleus is unaffected by the electric quadrupole interaction to first order. A double-
quantum transition excited during ¢; and transferred to a single-quantum transition during ts leads to a p;-echo
at to = 2t; where all components from the nuclear shielding interaction refocus, whereas the first-order electric
quadrupole splitting, dependent on dy, is only active during t5. This approach|38|, [39] has been used in a 2D experi-
ment to separate interactions with frequencies containing p; and d; into orthogonal axes by applying to the signal
a shear along t; with a shearing ratio of x(“2) = 1/2 and a scaling of t by ¢(*2) = 3/2, as shown in Fig. and
. This approach is also similar to the idea behind the COASTER experiment[31] used to separate the anisotropic
second-order electric quadrupole interaction from the first-order nuclear shielding in a 2D spectrum for half-integer

electric quadrupole nuclei.

3.2. d; Echoes
3.2.1. The solid echo

The solid echo, (g —t— 5 — tg), experiment[28], [29] is an example of a d-echo. This is illustrated in Fig. ?? for

a spin I = 1 nuclei experiencing the first-order electric quadrupole coupling. In this experiment, the formation of
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Figure 28: (A) Double-quantum spin echo transition pathways in Eq. on the p; and d; tables for a spin I = 1 nucleus. (B)

Pulse sequence with p; and d; pathways for the two-pulse experiment. The filled diamond represents a directly observable echo. A

filled or unfilled triangle represents a contribution to a free induction decay that is directly or indirectly observable, respectively. (C)

In the 2D signal acquired as a function of ¢; and t2, there is no signal evolution due to the electric quadrupole coupling along the line

d[Il]tl + d[IQ]tg = 0 (i.e., during ¢1), and both the isotropic and anisotropic nuclear shielding contributions are refocused into a p;-echo
[ [2]

along the line p} ]tl + p; t2 = 0. The dashed line represents a passive affine transformation of the 2D coordinate system to create a

time coordinate, ¢}, along which the 2D signal is unaffected by frequency components containing p;. (D) After applying an active affine
transformation with a shear parallel to the ¢; coordinate using a shearing ratio of x(¥2) = 1/2 and a scaling of t2 by ¢t2) = 3/2, the 2D

signal is unaffected by frequency components containing p; along the ¢}, coordinate and unaffected by frequency components containing
d; along the ¢t} coordinate.
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Figure 29: (A) Solid echo transition pathways in Eq. on the p; and dj tables for a spin I = 1 nucleus. (B) Pulse sequence with p;
and dj pathways for two-pulse solid echo experiment. A filled diamond represents a contribution to a directly observable echo, while an
open triangle represents a contribution to an indirectly observable free induction decay.

the d-echo is optimized by using a non-selective /2 pulse as the second (mixing) pulse instead of a non-selective 7
pulse. The experiment consists of the two transition pathways

1=y, ) E LI {0) .
[21] = |0) (+1] — |—1) (0]

These transition pathways map into a single p; pathway, p; = 0 -+ —1 — —1, and two d; pathways, df =0 — +1 —
—land df =0 — —1 — +1. A non-selective /2 mixing pulse can also generate transition pathways that lead to
a change in sign of the p;; however, with the proper phase cycling, these possibilities can be eliminated. Thus, the
first-order electric quadrupole splitting is refocused into a dj-echo along t; — to = 0, and the signal acquired along
the dr-echo tops as a function of ¢; = ¢2 will be modulated by the p; containing component of Eq. .

3.2.2. The Jeener-Broekaert echo

Another noteworthy d-echo occurs in the Jeener-Broekaert echo[40], (g -t -5 -T—F— tg), experiment, which
could also be called a stimulated solid echo experiment. It is shown in Fig. [30] for a spin I = 1 nuclei experiencing
the first-order electric quadrupole coupling. The use of non-selective 7/4 pulses during the mixing period optimizes
the conversion between coherence and longitudinal nuclear electric quadrupole order. The experiment consists of the
two transition pathways

[21] = |=1) (0] — [27] = |0) (+1],

{I=1}: (87)

[21] = 10) (+1] = [27] — |-1) (0],
where the [zﬂ represents nuclear electric quadrupole order. These transition pathways map into a single p; pathway,

p;=0— —-1—0— —1, and two d; pathways, d; =0 —4+1 —+0— -1l and d;f =0 — —1 — 0 — +1. Thus, the d;
pathway predicts the d; echo at t; = to.

3.2.3. The Solomon echoes

Solomon echoes[29] 41], discovered in the late 1950s, are yet another example of d; echoes. These can be easily un-
derstood by examining the d; tables for spin I = 5/2 half-integer spin nuclei. In a two-pulse sequence, identical to the
solid echo experiment of Fig. ??, using non-selective 7 /2 pulses phase cycled for a pathway p;, =0 — -1 —- 0 — —1,
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Figure 30: (A) Stimulated solid echo[40] transition pathways in Eq. @ on the p; and dj tables for a spin I = 1 nucleus. The arrows
going through [z%] represent the coherence transfer into longitudinal electric quadrupole order during the 7 period. (B) Pulse sequence
with p; and d; pathways for two-pulse solid echo experiment. A filled diamond represents a contribution to an observable echo, while

the open triangle represents an indirectly observable free induction decay.
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Figure 31: (A) Three Solomon echo transition pathways in Eq. on the dj tables for a spin I = 5/2 nucleus. (B) Pulse sequence and
three d; pathways for a two-pulse Solomon echo experiment. A filled diamond represents a contribution to a directly observable echo,

while an open triangle represents a contribution to an indirectly observable free induction decay.



a spin I = 5/2 nuclei will have 20 transition pathways, with the six pathways given below leading to the formation

of Solomon echoes,

1] = [=5)(=3] = [+3)(+3],
1] = [+3)(+3] = [-3) (3],
ogy.d B RIS R .
1] = +3)(+3] = [ (-3,
1] = [=3) (=3 = [+3)(+3],
1] = |+5)(+3] = [-3) (=3

These pathways are separated into three groups, each associated with forming a particular Solomon echo. The timings
for the appearance of the three Solomon echoes become apparent when these transition pathways are mapped into

d; pathways,

0 — +4 — =2
0 = —4 — +2
0 —- +2 — =2
d; = (89)
0 —- -2 — 42
0 — +2 — -4,
0 - -4 — +2

A transition pathway from each Solomon echo group and its associated d; pathway is illustrated in Fig. 31}

3.3. (pp)1s Echoes
3.8.1. HETCOR
As an example of a (pp)ss echo, we consider a heteronuclear coupled spin 1/2 system in the liquid state with the

frequency components given below:

I S
O, mrs,mgi,mrj,ms,;) = —wé }Uiso,I pr(mri,mr ;) —wé }Uiso,S Ps(ms,i,ms,;)
+ 21 Jiso (PP)1s(mri,ms, mr;,ms ;). (90)

The liquid-state HETeronuclear CORrelation (HETCOR) experiment[42] on this system consists of two transition

pathways:
2] = =3.—3) (+3. 3]
= |=343) (43,43
= [=3=3) (=5, +3
= [+3,=3) (+3:+3]
(s =[x, =3) O+, o
21 = [=3+2) (+2:+3]
= |=3-3) (+3, 3]
= [+3,=3) (+3,+3]
= |=3—2) (-3, +3]
=[x, =3) O+,
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Figure 32: (A) A liquid-state HETCOR transition pathway in Eq. on the p;, pg, and (pp)ss tables for two coupled spin I = 1/2
nuclei. (B) HETCOR pulse sequence with p;, pg, and (pp)rs pathways. An open diamond represents a contribution to an indirectly
observable echo, while an open triangle represents a contribution to an indirectly observable free induction decay. (C) The 2D signal
along the ¢ coordinate is unaffected by frequency components containing pg and (pp)rs, while the 2D signal along the t2 coordinate is
unaffected by frequency components containing p; and (pp)rs-



where we use the symbol X to indicate that the m; states are removed from the system through I
spin decoupling. These transition pathways map into a single p; pathway, p;,=0——-1—-1—0, a
single pg pathway, pg=0—0—0— —1, and two (pp)rs pathways, (pp);s —+1——-1—+1—0 and
(pp)rs = —1 - +1 - —1 — 0. The first transition pathway is shown on the p;, pg, and (pp)rs tables in Fig.
The second transition pathway would appear as a mirror image of the first transition pathway about a vertical line
bisecting the table.

With (pp)ss refocusing into an echo at the end of ¢, and pg = 0 throughout t;, the only frequency component
active during ¢; are those containing p;. The most efficient coherence transfer between an I and S spin via the J
coupling during the mixing period occurs when 7 = 1/(2J;s,). Finally, the application of I spin decoupling during
to eliminates frequency components containing p; and (pp)rs, leaving only the frequency component containing pg
during ¢5. The 2D signal, as illustrated in Fig. 32C, associates the ¢; dimension with system evolution without
frequency components containing pg and (pp)rs symmetries, while the ¢ dimension is associated with evolution
without frequency components containing p; and (pp);s symmetries. Notice that the free induction decay arising
from the frequency component containing pg is only partially acquired in t5. That is, acquisition of the pg component
free induction decay in ¢ is delayed by 7. The truncation of the initial part of the signal in ¢5 is why the liquid-state
HETCOR experiment is often presented as a magnitude mode 2D spectrum[43].

3.3.2. HSQC

A related experiment that does not suffer from this drawback is the Heteronuclear Single-Quantum Correlation
(HSQC) experiment[44], shown in Fig. For clarity, only one HSQC transition pathway is shown in Fig. The
2D HSQC signal, as illustrated in Fig. [33|C, associates the ¢; dimension with system evolution without frequency
components containing p; and (pp)rs symmetries, while the ¢5 dimension is associated with evolution without

frequency components containing pg symmetries.

3.4. Dy, D, and Gy, Gg, Gz, G4 Echoes
3.4.1. D-MAS
As mentioned earlier, sample rotation about a single axis breaks the spatial functions into components. Under

D-MAS, the first-order nuclear shielding contributions break up into three components,
le)(mi,mj,ag\?vwlzt) = —WoTiso P1(mi,m;) — wols i (95\?7(01#) pr(mi,m;)

— wol, DI (Qﬁ),th) pr(mi,m;). (92)

In a one-pulse D-MAS experiment, shown in Fig. the D, spatial pathway leads to an echo formed every rotor
period and the Dy pathway every half rotor period. It is also useful to rewrite Eq. in a Fourier expansion as

oV (mi7m]~,9§§),¢3) = (95\3),04,6) + Z W (95\3),04,6) e (PRt (93)
m##0
where
@ (057, 0,8) = =, (657 0.8) . (94)
Comparing Eq. to Eq. we find that wy is related to S and Dy by
@ (95\3)70475> = —Wwo0isoPr(mi, m;) — wOCUDéU} (95\?) pr(ms, my), (95)
and wy; and wyy are related to D, according to
@ (0570, 8) om0 o on (06, 0, 8) e 10m 0] — oG, DETY (087, 6 ) Pi(mi,my), (96)

In the simple Bloch decay experiment with a rotating sample, the signal phase as a function of ¢, where
¢R(t) = wrt+ Xr, 18

t
By (t, xR) = / Qp(s)ds =Wo t + Y Wype™mxnt)) mem - 1], (97)
0 1m0
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Figure 33: (A) A HSQC transition pathway on the p;, pg, and (pp)rs tables for two coupled spin I = 1/2 nuclei. (B) HSQC pulse
sequence with py, pg, and (pp);s pathways. A filled diamond represents a contribution to a directly observable echo, while a filled
triangle represents a contribution to a directly observable free induction decay. (C) The 2D signal along the ¢; coordinate is unaffected

by frequency components containing p; and (pp)rs, while the 2D signal along the t2 coordinate is unaffected by frequency components
containing pg.
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Figure 34: (A) Rotary echoes in a D-MAS Bloch decay experiment with transition pathway {I} : [z1] — |f%> <%| on the p; table for
spin I = 1/2. (B) Pulse sequence with p; and D,, pathways for one pulse D-MAS experiment. Only the anisotropic nuclear shielding
contributions with D1 and Dg are refocused into rotary echoes, represented by diamonds. A filled triangle represents a contribution to

an observable free induction decay, and a filled diamond represents a contribution to an observable echo.

where we define

m 0 b) )
Wo = w00, 3), and W, = Zm0ma:f8) (98)
TMWR

One can show (see Appendix) that the Bloch decay signal in a rotating sample is given by

st Yr) = Se(t)ei<1>(t,x3) = s°(t) Vot Z A(Nl)A*(N2)e—iN1th6i(N2—N1)(XR+V)’ (99)
N1,N3
where
1 2 . .
A(N) = o / exp{ i Y Wne™® b eiNOdo, (100)
0
m#0

and s¢(t) represents the envelope function due to the relaxation. A partial averaging of the Bloch decay signal over

the angle v yields
(s5(t)y = s°(1) e™0F Y JA(N)[Pe Newnt, (101)
N

Notice that Wy is dependent only on frequency contributions with the spatial-transition symmetry product Sp;
during D-MAS, whereas the spinning sideband amplitudes, A(NN), are only dependent on contributions with the
spatial-transition symmetry products D; p; and Do p;.

3.4.2. TOP
One can rewrite Eq. (101)) in the form

{s(t1, 1)) = s°(t2)e"™0% Y~ |A(N)Pe Neomt, (102)
N

and visualize the 1D Bloch decay signal from a rotating sample as a signal filling a 2D t;—t2 coordinate system, as
illustrated in Fig. Note that
(s(t1 + ktr,t2))y = (s(t1,12)), (103)

where tg = 27 /wg and k is an integer. The significance of this coordinate system is that the frequency contributions
with the spatial-transition symmetry product Sp; are removed along the ¢; dimension, and the contributions with

the spatial-transition symmetry products D; p; and Dy p; are removed along the o dimension. This coordinate
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system is particularly useful for understanding several important solid-state NMR experiments for manipulating D,
(i.e., m # 0 rotary) echoes and their associated spectral spinning sidebands. Probably the simplest of these is the
Two-dimensional One Pulse (TOP) processing approach [45] [46], [47], which samples the 2D signal of Eq. using
identical 1D Bloch decay signals running parallel to each other and separated by tr in both ¢; and ts, as shown in
Fig. 35
In the TOP approach, one first generates a pseudo-2D signal, siop(€,t), in a et coordinate system from the
1D Bloch decay signal, s (¢). This is illustrated in Fig. , where a sampling of syop(€,t) is generated using the
relationship
Stop (k2T /wr,t) = sp(t), (104)

for a range of positive and negative integer k values. The full sampling of the TOP signal in all four quadrants can
be generated using the complex conjugate of the Bloch decay signal, s%(¢), as illustrated in Fig. and .
After the 2D signal, s¢op (€, t), is created, an affine transformation, as illustrated in Fig. , is applied to separate
the frequency contributions with the spatial-transition symmetry product Sp; into a dimension that is orthogonal to
a dimension containing contributions with the spatial-transition symmetry products D; p; and Dy p;. For the TOP

signal, this is performed as a double shear, starting with a shear parallel to the ¢ coordinate with a shear ratio of

k¢ = —1, followed by a shear parallel to the ¢, coordinate with a shear ratio of Ky, = 1, according to
to 11 1 0 € 0 1 €
— = ) (105)
tq 0 1 -1 1 t -1 1 t
K, K,

2

The application of this affine transformation to s(e, t) yields the TOP[47] signal in Eq. whose Fourier transform
yields a 2D spectrum correlating frequencies with S p; symmetry to those with D; p; and Dy p; symmetries. Notice
that the application of this affine transformation to the original digital sampling rates, Ae and At, yields transformed
sampling rates of Aty = Ae = tg and At; = At, respectively, after the double shear transformation. A limitation
of the TOP approach is that the spectral width in w,, the isotropic frequency (i.e., Dy p; and Dyp; removed)
dimension, is limited to integer divisors of the rotor frequency, and this cannot be easily corrected by increasing
the rotor frequency since it also reduces the information content in the sideband intensities. Nonetheless, TOP
has several added advantages when applied to half-integer quadrupolar nucleif47], and its main strength lies in its
rapid interpretation of MAS signals. The experimental simplicity of TOP makes it a compelling method, and it is
surprising that it has not been widely utilized. The spectral width limitation in the isotropic dimension of TOP can
be overcome by employing well-known strategies for shifting the time origin for Sp; frequency evolution away from
the origin for Dy p; and Dy p; frequency evolution, such as the PASS[48, 49]. Alternatively, the separation of nuclear
shielding frequency components with S symmetry from those with D symmetry can be accomplished with a variety
of other 2D experiments[50, 5], 52} 53], 49] 54 [55], some of which are discussed in Section

Finally, it is worth noting that it may appear that the TOP transformation could be performed with only a single

shear parallel to the € coordinate with a shear ratio of k. = —1, as outlined in Fig. 37B, and given by
t1 1 -1 € -1 1 €
- = (106)
ty 0 1 t 0 1 t
K

With this transformation, however, the original digital sampling rates, Ae and At, after the single shear become
At; = Ae = tg and Aty = At, respectively. Such a sampling rate in ¢; will not resolve any spinning sidebands

arising from the Dy p; and Dy p; frequency contributions in the w; dimension.
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the application of the affine transformation has the spatial-transition symmetry product S p; removed along the e coordinate, and the
contributions with the spatial-transition symmetry products D1 p; and D2 p; are removed along the line € +¢1 = 0.

3.4.8. 2D PASS

Closely related to the TOP experiment is the Phase Adjusted Spinning Sidebands (PASS) experiment. Generally,
the NMR signal in a rotating sample can be manipulated into several desirable forms by applying a series of 7 pulses
between the initial excitation pulse and the start of signal acquisition. In the PASS experiment, a time coordinate
is defined where the initial excitation pulse is applied at ¢t = —T" and signal acquisition begins at t = 0. Between the
initial excitation pulse and signal acquisition are ) m-pulses, applied at times =71+ 7, =T + 72,..., =1 4+ 7¢. The

signal phase at ¢ = 0, a duration of 7gy; = T after the initial excitation pulse, is given by

Q T e Q
Dot =0,xr) = (1)) (-1)? / Qs)ds = Wo |T —2(-1)% Z(l)qTq]
q=0 T, q=1

Q
£ Y Wiemuns) [1 —2(- 1)@ Y (1)t <—1>Qe—im9T] . (07)
m#0 q=1
where 79 =0, 07 = wgT, and 0; = wgrT,.

In the PASS experiment [56] 48] the timings of the @ 7 pulses are manipulated so the signal phase at ¢ = 0 has
the form

(I)pass(g,t =0, XR) =W, [ 0 ] + Z Wmeim(XR-‘r’Y) |:1 _ e—imee:| ’ (108)
m#0

where € can be varied independent of ¢. Evolving forward from ¢ = 0, the PASS signal phase then becomes

Dpass(€,t,xr) =Wo t + Z W, et (xat7) [eim“’Rt — e_im“Re] ) (109)
m##0

Such a phase leads to a PASS signal when averaged over the crystallite angle v, of the form (see Appendix)

(spass(€,1))y = ™00 Y JA(N)[Pe Neon (), (110)
N

which, just like the Bloch decay signal in a rotating sample, can be used to fill the 2D signal in a et coordinate system.
In the case of PASS, the application of a single shear parallel to the e coordinate with a shear ratio of k. = —1, as
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illustrated in Fig. , is sufficient for obtaining a 2D spectrum correlating frequencies with Sp; symmetry to those
with D; p; and D9 p; symmetries.

The PASS approach for obtaining the signal phase of Eq. comes from equating Eqs. and ([108) to
obtain the PASS equations:

Q
br —2(-1)2 3 (~1)16, = 0, (111)
qg=1
and
2(71)62 Z(il)qezmeqefszT + (71)Q671m0T — 671711(97 (112)

qg=1
where © = wge. Levitt and coworkers[49] suggested a five 7 pulse (Q = 5) 2D PASS experiment, of constant duration
T, with 7 = 27, and obtained the equations

23 (~1)7%0, + 27 = 0, (113)
qg=1
and
5 . .
=2 (-7 — 1 =9, form=1,2. (114)

q=1

These equations can be solved numerically for the 7 pulse timings shown in Fig. [38| and are tabulated elsewhere[49].

3.4.4. DOR
When the strength of a nuclear electric quadrupole coupling is a significant fraction of the nuclear Zeeman
coupling, the NMR frequency needs to include second- and possibly higher-order corrections to properly describe the

NMR spectrum. Thus, in addition to the first-order nuclear shielding and quadrupole coupling contributions
QM (0, mi,mj) = —wolise P1(ms, mj) — wole DI7H(O) pr(ms, my), (115)

and
Q{(Il)(@,mi,mj) = wy D{q}(@) dr(m;, m;), (116)

we must also include the second-order quadrupole coupling contributions

2 2 2
(O, myymy) = L S ¢o(mi, my) + L DU (©) ey(mi,my) + L 6L (©) eylmi,my).  (117)
0 0 0

If our goal is to obtain a high-resolution isotropic spectrum, then the four components containing anisotropic spatial
symmetry functions D(©) and G(©) need to be eliminated. There are different strategies for achieving this goal, all
of which involve a combination of spatial and spin transition manipulations.

The first challenge is that the first-order quadrupole contribution can be on the order of megahertz in strength,
creating an orientation-dependent frequency offset challenging to excite with rf pulses of conventional field strengths.
In contrast, the other contributions are typically on the order of kilohertz in strength. Additionally, any attempt to
eliminate the first-order quadrupole contribution with D-MAS will require accurate positioning of the rotor axis since
any residual contribution from angle misset could easily be larger than the other contributions. Fortunately, there is
an obvious solution, clearly seen in the d; tables of Fig. [f] that if one excites only symmetric m — —m transitions,
where all d; values are zero, then the first-order quadrupole contribution is eliminated. This is an important part
of the strategy adopted by the MQ-MAS [32, 57, 58], DAS[21] 34, [I7], and DOR[22] 21] experiments. Where these
three techniques differ is in how the remaining anisotropic contributions are removed. In contrast, the ST-MAS
experiment[59] [T5] employs non-symmetric transitions, and thus requires a highly accurate setting for the Dy magic
angle. The second challenge is that there exists no single rotor axis angle with respect to the external magnetic field
about which spinning the sample will eliminate both D and G simultaneously. This is apparent from Table 2]
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Figure 39: (A) In Double ROtation, a sample is reoriented through an angle ¢; = wg,t about an axis at an angle 6; with respect to an
axis that is also being reoriented through an angle ¢ = wr,t + Xo at an angle 6, with respect to the external magnetic field. Typically,
0, and 0; are set to the zeroes of the second- and fourth-rank Legendre polynomials, so that Do 0(00,0;) = Go,0(60,6;) = 0. (B) Simulated
DOR Bloch decay signal showing Dpn,n; or Gn,,n; echoes. (C) Spinning sidebands, indicated with asterisks, often appear at integer
multiples of n;wr,; & nowg, in the spectrum and can appear with mixed absorption and dispersion mode lineshapes [60} [61].

The most straightforward theoretical solution, but by far the most challenging experimental solution for half-
integer quadrupole nuclei, is DOR. The DOR solution is to selectively excite the central m = % — —% transition,
so the first-order quadrupole contribution is eliminated while employing the spatial pathway shown in Fig. B9A;
that is, spinning the sample about an axis that is at a fixed angle from an axis that is also spinning about a fixed
angle away from the external magnetic field direction. Under continuous sample rotation, the spatial functions are
time-dependent, and the first-order shielding and second-order quadrupole contributions become

Qc(yl) (mivmj7t) —Wo0iso pI mzamj Z Z WOCG ;{13’}77,0 (t) pI(mi7mj)v (118)
n;=0mn,=0
and
QP (m;, my, )_ s{qq} co(mi, m;) + Z Z D (t) ca(my, m;)

n;=0n, —O

303 o e (19
In both equations, as shown in the n; # 0 and n, # 0 components become modulated at frequencies of
n;wr, + nowr,, and average to zero at integer multiples of 27/(n;wr, £ nowr, ). Typically, 8, and f§; are set to
the zeroes of the second- and fourth-rank Legendre polynomials, that is, 54.74° and 30.56°, respectively, so that
Do,o = Gp,0 = 0. It is best to have wg, > Swg, in the DOR experiment to avoid any possible inadvertent recoupling
of D, n; or G, »; terms. In the infinite rotation speed limit, the average frequency becomes

2

w
(Qmi, mj5)) por = —Wo0Tiso Pr(mi,my) + (,73) staad ¢y (my, m;), (120)

yielding a spectrum with no anisotropic frequency components present. In practice, however, DOR speeds are
insufficiently fast, particularly the outer rotor speed, wg,, and spinning sidebands often appear at integer multiples of
n;wr, £ nowg, in the spectrum. Additionally, spinning sidebands can appear with mixed absorption and dispersion
mode lineshapes[60], 61]. Through signal averaging with rf excitation occurring at random outer rotor positions,
however, the dispersion mode components cancel, and mostly absorption mode spinning sidebands are observed.
This dependence of the spinning sideband phase on the outer rotor position has been exploited by Samoson and
Lippmaal62] to design a DOR experiment with rotor synchronized signal averaging to eliminate half the spinning
sidebands in a DOR spectrum.
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while an open triangle represents a contribution to an indirectly observable free induction decay.

3.5. ¢4 Echoes

The MQ-MAS[32] [57] and ST-MAS[33] solutions for half-integer quadrupole nuclei are similar, with both em-
ploying D-MAS and the remaining challenge in removing the component containing Gy in the expression
w? w?
(Q(m“ mj)>D—MAS = —wOUiSOpI(mi, mj) + w_Qs{qq} Co(mi, mj) + w_qGéqq}(eg\g[)) C4(mi, mj). (121)
0 0

Both MQ-MAS and ST-MAS solve this problem by employing the c4 echo, discovered by Frydman and Harwood[32]
in 1995 and described below.

3.5.1. MQ-MAS

A ¢4 echo is generated in the MQ-MAS experiment[32, [57] using a transition pathway that goes through a normally
forbidden symmetric multiple quantum (m — —m) transition[63, [I8] 64] for ¢; evolution and ends on the central
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Figure 41: (A) The 2D MQ-MAS signal acquired as a function of ¢1 and t¢2, the isotropic nuclear shielding contribution is refocused into a

pr-echo along the line p[Il]t1 +p[12]t2 = 0, the isotropic quadrupolar contribution is refocused into a cp-echo along the line c([)l]tl +cg2]t2 =0,

and the anisotropic quadrupolar contribution is refocused into a c4-echo along the line cz[ll]tl + cfltg = 0. The dashed line represents

a passive affine transformation of the 2D coordinate system to create a time coordinate, ¢}, along which the 2D signal is unaffected by
frequency components containing c4. (B) After applying an active affine transformation with a shear parallel to t2 and scaling along t7,
the 2D signal is unaffected by frequency components containing c4 along the t{ coordinate.

(3 — —3) transition during ¢; evolution. Consider the case of a 3Q-MAS experiment on a spin I = 3/2 nucleus.
The relevant 3Q-MAS transition pathway is

(1= 3} 443 = D (> =D (L 22

This transition pathway maps into the symmetry pathways p;=0— -3 = -1, co=0— -9 = 43 and
cy =0 — +21 — —27, as shown in Fig. @ What is most important is that the p; and cg do not form simulta-
neous echoes with c4. That is, the ¢4 echo tops are modulated by the p; and ¢y frequency components, and a Fourier
transform of the c4 echo tops as a function of ¢; yields a site-resolved and purely isotropic spectrum. Figure [41]A
indicates the paths of the p;, co, and c4 echoes during an MQ-MAS experiment with the c4 echo along the line

ey + Py =0, (123)
the ¢y echo along the line

ey + Pty =0, (124)
and the p echo along the line

pey +plPe, = 0. (125)
For the 3Q-MAS experiment on an I = 3/2 nucleus the ¢4 components refocus into an echo along the line

21ty — 2Tto = 0, the ¢y components refocus into an echo along the line —9¢; + 3¢5 = 0, and the p; components
refocus into an anti-echo along the line 3t; — t2 = 0. An affine transformation consisting of a shear parallel to the to

coordinate with a shear ratio of

(1]

pn) = G (126)
o2
4
and a scaling of the ¢; coordinate with the scaling factor
G =1+ k)], (127)

can be applied to the 2D signal, as described in [5.4] so the isotropic spectrum can be obtained from a simple
projection of the final 2D spectrum[58]. In the case of 3Q-MAS for a spin I = 3/2 nucleus the affine parameters are
k@) =21 /27 and ¢;» = 48/27. The £ and Gix values for the different symmetric multiple quantum transitions

and nuclear spin values are given in Table [l After the affine transformation, the position of the resonance in the
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Spin | t; transition CE] CE] K1) = —(CE]/CEE]) ¢ =1 4 |g(en))|
3/2 | +2—--3 21 | -27 21/27 48/27
5/2 | -2 —+43 114 | -72 114/72 186/72
+5 -2 || 150 | -72 150/72 222/72
7/2 | -%—43 303 | -135 303/135 438/135
—2 543 165 | -135 165/135 300/135
+I =1 || 483 | -135 483/135 618/135
9/2 | -2 —-+43 546 | -216 546,216 762/216
—3 5 +5 || 570 | -216 570/216 786/216
—I 41 84 | -216 84/216 300/216
+2 = -2 || 1116 | -216 1116/216 1332/216

Table 5: #(“1) shear ratios and ¢(*1) scaling for MQ-MAS experiments for different nuclear spin values and symmetric multiple quantum
transitions correlated to the central (% — f%) transition.

isotropic projection is a weighted average of the multiple quantum and central transition isotropic frequencies given

by
Q; = 71 Q; -m) + 7H(Wl) Qiso (£, -1 128
{ zso>MQ-MAS T |,Q(w1)| iso(1m, —m) 1 |H(w1)| “0(5’ 5)' (128)

If the spectrum is to be referenced to a frequency other than the rf carrier frequency (i.e., zero is not defined in the
middle of the spectrum), then the reference offset used in the single-quantum dimension must be multiplied by a
(11
factor of (p[’Q] + [6@D]) /(1 + |£“?)]) when used in the isotropic dimension.
Pr

While MQ-MAS has the advantage that it can be performed with a conventional MAS probe, it has a disadvantage
that the excitation and mixing of multiple-quantum coherences can be inefficient, leading to poor sensitivities and
non-quantitative spectra.

3.5.2. ST-MAS

A ¢4 echo is generated in the ST-MAS experiment using a transition pathway that goes through a satellite
single-quantum (m — m — 1) transition for ¢; evolution and ends on the central transition during ¢» evolution. In
contrast to MQ-MAS, these satellite transitions are allowed, so sensitivity is improved compared to MQ-MAS. For
an ST-MAS experiment on a spin I = 3/2 nucleus, the relevant pathways are

4] D - D G

1 1
2 2
4] [+ (+1] = -5 (4

[_§

29 ’

{r=3}:¢ (129)
[+3 :

This transition pathway maps into the symmetry pathways p;=0— —-1— —-1,¢c0=0— —6 - +3 and

¢4 =0 — +24 — —27, as shown in Fig. {2} As with the MQ-MAS experiment, p; and c¢o components do not

form simultaneous echoes with ¢4 components, and a Fourier transform of the ¢4 echo tops as a function of ¢; yields

a site-resolved and purely isotropic spectrum. Again, a shear parallel to the ¢ coordinate with a shear ratio of

)

k@) —

(130)
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Spin t; transition CE] Cf] k1) = —(CE]/CE]) ¢1) = 1 4 |g(@)]
3/2 | +2—»+4, i -2 24| 27 24/27 51/27
5/2 | -3 -1 4+l 43 ) 21 | 72 21/72 93/72
+3 43 251132 -72 132/72 204/72
7/2 | -3 -1+l 430 84 | -135 84/135 219/135
-3 -3, 43 5 69 | -135 69/135 204/135
+I =43, -3 -T 1324 |-135 324/135 459/135
9/2 | =3 = —3, 43— +3 | 165 | -216 165/216 381/216
33 43 545012 | 216 12/216 228/216
-2 -3, 43— +1| 243 |-216 243/216 459/216
+2—=+I, —I—--2 | 600 |-216 600/216 816/216

Table 6: k(“1) shear ratios and ¢(t1) scaling for the ST-MAS experiment for different nuclear spin values and satellite transitions correlated
to the central (% — 7%) transition.

and a scaling of the ¢; coordinate with the scaling factor
Gp =1+ k)], (131)

can be applied, so the isotropic spectrum is obtained from a simple projection on the final 2D spectrum[58]. The k(1)
and ¢ values for the different satellite single-quantum transitions and nuclear spin values are given in Table @ The
isotropic frequency in an ST-MAS spectrum is a weighted average of the satellite transition and central transition

frequencies according to

1 k(@1) 11
{(Qiso)gT-MAS = T [s@n] Qiso(m,m — 1) + T4 [aton)] Qiso (3,—3) - (132)

ST-MAS, like MQ-MAS, shares the advantage that it can be performed with a conventional MAS probe. A
disadvantage of ST-MAS is that the resolution in ST-MAS spectra can be easily degraded by extremely small
missets in the magic-angle rotor axis[65] and occasionally third-order effects[66, 23]. While ST-MAS does have an
advantage over MQ-MAS in that the excitation of the single-quantum satellite transitions is allowed, the broadband
excitation of the satellite transitions is neither an efficient nor selective process. In fact, the ST-MAS experiment,
as presented in Fig. 2] will often be complicated by resonances from undesired transition pathways, the most
troublesome of which is the transition pathway that excites the central transition during ¢; evolution. This and
other undesired pathways that go through single-quantum coherences during ¢; cannot be separated from the desired
transition pathway using traditional phase cycling techniques. Attempts to remove the central transition from t;
include pre-saturating the central transition or simply subtracting the central transition[67]. However, these methods
are typically either incomplete or inefficient at removing the central transition. One efficient solution to this problem
is the Double-Quantum Filtered Satellite-Transition Magic-Angle Spinning (DQF-ST-MAS) experiment proposed
by Kwak and Gan[l5]. By applying a selective 7 pulse on the central transition, the coherence of the innermost
satellite transition is converted into double-quantum coherence, while the central transition is only inverted. With
this modification, the two transition pathways pass through different p; values and can now be separated by phase
cycling. The shifted-echo version of DQF-ST-MAS, depicted in Fig. eliminates the central transition during
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Figure 42: (A) ST-MAS experiment transition pathways in Eq. (129) on the p;, co, and c4 tables for a spin I = 3/2 nucleus. (B) Pulse
sequence with py, cg, and c4 pathways for ST-MAS experiment. A filled diamond represents a contribution to a directly observable echo,
while an open triangle represents a contribution to an indirectly observable free induction decay.
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t1 evolution and also correlates only the innermost satellite transitions with the central transition. The desired

transition pathway for this experiment is
{Iy:[=3, -3 = |-2) (=3l = [+2) (3] = [+2) (=2 = |-2) (+3l- (133)

Alternatively, one can use the same transition pathway and pulse sequence to generate a ¢4 echo by correlating
the double-quantum transition during ¢; to the central transition in ¢;. The pulse sequence and timings for this
experiment, known as Double Quantum ST-MAS (DQ-ST-MAS), are also shown in Fig. .

It is apparent that MQ-MAS and ST-MAS represent only a fraction of possible experiments that can produce an
isotropic spectrum of a quadrupole nucleus with second-order broadenings. Most existing experiments involve the
central transition since it is the easiest to excite and detect. One experiment where the isotropic spectrum is not
constructed from the central transition is the Mixed Multiple Quantum MAS experiment [68]. For I = 5/2, 7/2, or
9/2, there exists more than one symmetric multiple quantum coherence. The evolution in #; can be split between
the two symmetric multiple-quantum transitions to refocus the c, components. The coherence is then transferred
to the central transition, as multiple quantum coherences are not directly detectable. Additionally, it has been
shown that an isotropic spectrum can be obtained by correlating the satellite transition to the double-quantum

transition[15] 69 [70]. A selective m pulse on the central transition can efficiently transfer coherence from the satellite
transition to a double-quantum coherence and back: (+2 — +1) Mer, (3 — F1). Unlike the Mixed Multiple
Quantum MAS experiment, the satellite transition can be directly detected without having to transfer to the central
transition. Of course, to generate a c4 echo, these two transitions must exhibit a change in sign of ¢4, and a close

examination of the c4 tables indicates that only occurs for I = 3/2 nuclei.

3.6. ¢y Echoes

The frequency of a symmetric transition of a half-integer quadrupole nucleus in a static sample experiencing both

the nuclear shielding and quadrupolar interactions will depend on five components,

2
w
Q(O,mi,mj) = —wooisoP1(mi, m;) — wol,DI7H(O) primy, mj) + oTZS{qQ} Co(ms, m;)

2 2
w w
+ —2Dl9H(©) c5(mi, my) + —LG199 () cy(my,my).  (134)
wo Wo

The lineshape of a site in a polycrystalline sample with this frequency dependence would depend on eight parameters:
Cq, Mg, Tisos Co» Mo, and the three Euler angles, o, 3, and -y, for the relative orientation of the quadrupolar and nuclear
shielding tensors. While D-MAS does not remove all anisotropy for quadrupolar nuclei with second-order broadenings,

it does eliminate the second-rank anisotropies, and then the frequency depends only on three components:

2

QO 9(2) _ Yq glaa}
A Mg ) )= W00 pr(mi,m;) + o Co(mi, m;)

Wi ~laa} (52
+ 24 gl (9M) Ca(mi,my). (135)
wo

Thus, the D-MAS lineshape of a site depends only on three parameters: Cy, 74, and ojs. In other words, the
dependence on the nuclear shielding anisotropy, (,, 1, and the relative tensor orientation, «, £, and ~, are removed
from the spectrum. This simplification, or elimination of five out of eight parameters, allows a more accurate and
precise determination of Cy, 14, and ojs, from an analysis of the D-MAS spectrum.

It is also desirable to have an analogous experiment for obtaining a spectrum with the dependences on the
quadrupolar anisotropy, and the relative tensor orientation suppressed, leaving only isotropic shifts and the nuclear
shielding anisotropy. We can approach this goal with G-MAS, where the second-order quadrupolar component with G

spatial anisotropy is eliminated while the D spatial anisotropy of the nuclear shielding and second-order quadrupolar
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components remain,

4 o 4
<Q <9§‘4)’mi’mj>>G.MAs = —WoTiso P1(Mi,my) — woCng ) (‘%v)) pr(mg,my;)
w? w?
+ is{qq} Co(mi, mj) + JD({Jqq} (0%?) Cg(mi, mj). (136)
wo wo
This expression suggests eliminating the quadrupolar anisotropy by combining G-MAS with a ¢y echo, assuming this

echo is not coincident with a p; echo, so only the anisotropy from the nuclear shielding component will remain.

3.6.1. COASTER

The Correlation of Anisotropies Separated Through Echo Refocusing (COASTER)[31] experiment for half-integer
spin nuclei uses a co echo for obtaining a spectrum with the dependences on the quadrupolar anisotropy and the rela-
tive tensor orientation suppressed, leaving only isotropic shifts and the nuclear shielding anisotropy. The COASTER,
experiment not only provides this spectrum but also provides a spectrum that depends only on Cy, 74, and oig,
even though COASTER does not employ D-MAS conditions. These two 1D spectra come from the 1D projections
of the 2D COASTER spectrum. Additionally, information about the relative tensor orientation, that is, a, 8, and =
is available within the full 2D COASTER spectrum.

The COASTER experiment [31] achieves this separation of the anisotropic nuclear shielding and the quadrupolar
anisotropies into orthogonal dimensions through the use of p; and co echoes. Like MQ-MAS, the COASTER exper-
iment uses a transition pathway that goes through a forbidden symmetric multiple quantum (m — —m) transition
for ¢1 evolution and ends on the central (1 — —1) transition during ¢>. Consider the 3Q COASTER experiment on

a spin I = 5/2 nucleus. The relevant transition pathway is
(=8} 33— 3= - ()

This transition pathway maps into the symmetry pathways p;=0—+4+3 =+ -1, ¢g=0— -6 — +8 and
¢y =0 — +60 — —32, as shown in Fig. [@4A and [I4B. With this pathway, the anisotropic nuclear shielding and
the quadrupole frequency components can be separated by generating p; echoes along

pity + plPlt, =0, (138)

and co echoes along

Mty + Pty = 0. (139)

These lines are illustrated in Fig. I5JA. If one first applies a shear parallel to the ¢; coordinate with the shear ratio

e
rwn) — _%7 (140)
2
2
and a scaling of the ¢; coordinate with the scaling factor
<) =14 |/<;(“’1)\, (141)
then the p; echo path in the new coordinate will be given by
pHt + pPt, =0, (142)
where -
w_ 1w Y
U= P T P (143)
and
Py =pl, (144)
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Figure 45: (A) The 2D COASTER signal acquired as a function of ¢1 and t2, the nuclear shielding contribution is refocused into a p;-echo
at to = f(p[ll] /p[IQ])tl and the anisotropic quadrupolar contribution is refocused into a ca-echo at to = 7(C[21] /0[22])t1. The dashed line
represents a passive affine transformation of the 2D coordinate system to create a coordinate, t{, along which the 2D signal is unaffected
by frequency components containing cz and a coordinate, ¢}, along which the 2D signal is unaffected by frequency components containing
pr- (B) After applying an active affine transformation with a shear parallel to t2 and a scaling along t}, a 2D signal with ca refocused
along the t| axis is obtained. Here the dashed line represents a passive affine transformation of the 2D coordinate system to create
a coordinate, tJ, along which the 2D signal is unaffected by frequency components containing p;. (C) After applying an active affine

transformation with a shear parallel to ¢} and a scaling along t5*, a 2D signal with p; refocused along the tJ axis is obtained.

as illustrated in Fig. 45B. Then one applies a shear parallel to the ] coordinate with the shear ratio

’ p’[IQ]
nWﬂ:_7m, (145)
Pr
and a scaling of the ¢}, coordinate with the scaling factor
() =1 4 |,€(w§)‘7 (146)

as illustrated in Fig. . The x®1) shear ratios and ¢(*1) scaling and k(@2) ghear ratios and ¢(t2) scaling for the
COASTER experiment are given in Table m Note that in the case of a spin I = 3/2 nucleus, the co components lies
along the 1 axis prior to the shear, so an affine transformation with only a single shear and scale is required. Also,
notice that certain COASTER experiments require a negative x(“1) shear ratio. These are cases where the ¢y echo
path lies in a different signal quadrant than the p; echo path, as illustrated in Fig. Fi_?;l Using the hypercomplex 2D
acquisition approach, the 2D signal in an adjacent quadrant can be obtained and processed as described in detail in
section 211

In Fig. [A7] are simulated 2D COASTER spectra showing the effect of the changing quadrupolar coupling and
nuclear shielding asymmetry parameters in the case where the quadrupolar coupling and nuclear shielding tensors
have the same principal axis systems. Generally, whenever the two tensors are diagonal in the same coordinate
system, the 2D spectrum will form a triangular pattern, except in the case with n, = 1, = 0, where the resulting
pattern is a line in the 2D spectrum. The triangle’s vertices correspond to the principal components of the two
tensors and unambiguously establish which components are aligned. The sensitivity of the COASTER spectrum to
the relative orientation of the two tensors is shown in the simulations of Fig. [d8 Notice that the projections onto
the individual axes are unchanged as the nuclear shielding and quadrupolar coupling tensors are fixed. The principal
components of the nuclear shielding and quadrupolar coupling tensors can be determined solely by analysis of the
corresponding 1D projections, which are independent of the relative orientation of the two tensors. In contrast, the
relative orientation of the two tensors can be obtained by analysis of the pattern contained in the 2D COASTER

64



65

Spin | t; transition c[21] C[QQ] K1) ) p[IQ], p’[IQ] p[11] p’[Il] K (2) NER)
3/2 | =3 —+3 0 |-12 0 1 -1 3 3 1/3 4/3
5/2 | -2 +32 60 | -32 | 60/32 | 92/32 -1 3 36/92 92/36 128/36
-5 5 220 | -32 | -20/32 | 52/32 -1 5 180/52 52/180 232/180
7/2 | -2 42 144 | -60 | 144/60 | 204/60 -1 3 36,204 204/36 240/36
-2 542 120 | -60 | 120/60 | 180/60 -1 5 | 180/180 | 180/180 | 360/180
-2 +1 -84 | -60 | -84/60 | 144/60 -1 7 | 504/144 | 144/504 | 648/504
9/2 | -2 +32 252 | -96 | 252/96 | 348/96 -1 3 36/348 348/36 384/36
-2 5 +3 300 | -96 | 300/96 | 396/96 -1 5 | 180/396 | 396/180 | 576/180
-2 +1 168 | -96 | 168/96 | 264/96 -1 7 | 504/264 | 264/504 | 768/504
-2 > +2 || 216 | -96 | -216/96 | 312/96 -1 9 | 1080/312 | 312/1080 | 1392/1080

Table 7: k(1) shear ratios and ¢(*1) scaling and #x(«2) shear ratios and c(t/z*) scaling for the COASTER experiment that correlates a
symmetric (m — —m) multiple quantum transition to the central (% — —%) transition.
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Figure 46: (A) The 2D COASTER signal acquired as a function of ¢; and t2, the nuclear shielding contribution is refocused into a p;-echo
at to = — (p[ll] /p[12]) t1 and the anisotropic quadrupolar contribution is refocused into a cg-echo at to = — (c[21] /c[22]) t1 in the adjacent
signal quadrant. The dashed line represents a passive affine transformation of the 2D coordinate system to create a coordinate, t{, along
which the 2D signal is unaffected by frequency components containing cz and a coordinate, tJ, along which the 2D signal is unaffected by
frequency components containing p;. (B) After applying an active affine transformation with a shear parallel to ¢2 and a scaling along
t7, a 2D signal with ca refocused along the t| axis is obtained. Here the dashed line represents a passive affine transformation of the 2D
coordinate system to create a coordinate, t, along which the 2D signal is unaffected by frequency components containing p;. (C) After
applying an active affine transformation with a shear parallel to t} and a scaling along t5*, a 2D signal with p; refocused along the t}

axis is obtained.
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Figure 47: Comparison of simulated 2D COASTER spectra showing the effect of the changing quadrupolar coupling and chemical shift
asymmetry parameters in the case where the quadrupolar coupling and chemical shift tensors have the same principal axis systems.
Other simulation parameters included I = 3/2, wg = 100 MHz, Cq = 3 MHz, oisoc = 0 ppm and {, = 33 ppm. The 1D projections onto
the quadrupolar anisotropy axis, w} (@), are the same for each 7y value. Similarly, the 1D projections onto the shielding anisotropy axis,

wi (o), are the same for each 7, value.

spectrum. In these examples, one Euler angle varies from 90° to 0°, while the other two angles are fixed at 90°.
Note that when the Euler angles are all multiples of 90°, the spectrum forms a triangular pattern, as the two tensors
are diagonal in a common coordinate system. When an Euler angle is not a multiple of 90°, however, the pattern

becomes elliptical.

3.7. ¢y Echoes
Under fast DOR, the first-order nuclear shielding and second-order quadrupole coupling contributions to the
central (% — —%) transition frequency are

2
w

(Qmi, mj)) por = —WoTiso Py(Mms, my) + w—q slad} Co(ms, m;). (147)
0

The two contributions in Eq. have the same spatial dependence, S, but different spin transition symmetries,
pr and cg. Shortly after the c4 echo was discovered by Frydman and Harwood[32], Samoson [30] realized that a cq
echo could be exploited to separate the isotropic chemical shift from the isotropic second-order quadrupolar shift in
the Multiple-Quantum DOuble Rotation (MQ-DOR) experiment.
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Figure 48: Comparison of simulated COASTER spectra showing the effect of the relative orientation on the 2D spectrum. Other
simulation parameters included I = 3/2, wg = 100 MHz, Cq = 3 MHz, nq = 0.25, 0is0 = 0 ppm, (; = 33 ppm, and 7, = 0.5. Again, note
that the projection onto each axis remains unchanged as the relative orientation of the quadrupolar coupling and chemical shift tensors

change.

3.7.1. MQ-DOR

In the MQ-DOR experiment, the first-order quadrupole contributions are eliminated by using symmetric (m —
—m) transitions and the anisotropic D and G components eliminated with DOR. The remaining isotropic nuclear
shielding and isotropic quadrupolar interactions are then separated into orthogonal dimensions by employing p; and
¢y echoes. Like the MQ-MAS and COASTER experiments, this is done by using a transition pathway that goes
through a forbidden symmetric multiple quantum (m — —m) transition for ¢; evolution and ends on the central

(% — —%) transition during t5. Consider the 3Q-DOR experiment on a spin I = 5/2 nucleus. The relevant transition

(1=4}: (443 > D (31> 1D
This transition pathway maps into the symmetry pathways p; =0 — +3 — —1 and ¢) = 0 — —6 — +8, as shown

in Fig. and [49B. With this pathway, the isotropic nuclear shielding and isotropic second-order quadrupole

components can be separated by using p; echoes along

pathway is
(148)

(1]

piey +pldt, =0, (149)

and c¢g echoes along

(2]

ey + Py =o0. (150)

The MQ-DOR signal can be processed identically as COASTERJ[3T], [71] except that the shear parallel to the ¢,

coordinate is performed with the shear ratio
2

k@) —

(151)
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Spin | t; transition c([)ll ng] k1) 1) pE,Q]7 p’?] pgll p’gl] ki (@2) (3
3/2 | -3 43 9 3 -9/3 12/3 -1 3 18/12 12/18 30/18
5/2 -2 543 -6 8 6/8 14/8 -1 3 18/14 14/18 32/18
5543 50 | 8 -50/8 58/8 -1 5 90/58 58/90 115/90
7/2 -2 543 27 | 15 | 27/15 | 42/15 -1 3 18/42 42/18 60/18
5543 15 | 15 | -15/15 | 30/15 -1 5 90/30 30/90 120/90
- 5+7 147 | 15 | -147/15 | 162/15 -1 7 | 252/162 | 162/252 | 414/252
9/2 | -2 43 -54 | 24 | 54/24 | 78/24 -1 3 18/78 78/18 96/18
-2 542 230 | 24 | 30/24 | 54/24 -1 5 90/54 54/90 144/90
-1 z 84 | 24 | -84/24 | 108/24 -1 7 | 252/108 | 108/252 | 360/252
—2 > +9 || 324 | 24 | -324/24 | 348/24 -1 9 | 540/348 | 348/540 | 888/540

Table 8 k(«“1) shear ratios and ¢(*1) scaling and x(«2) shear ratios and ¢(t3) scaling for the MQ-DOR experiment that correlates a

symmetric (m — —m) multiple quantum transition to the central (% — —%) transition.

The x®1) shear ratios and ¢(*1) scaling and k(“2) shear ratios and ¢(*2) scaling for the MQ-DOR experiment are given
in Table |8l As with COASTER, certain MQ-DOR experiments require a negative x(“1) shear ratio. In MQ-DOR,
these are cases where the ¢y echo path lies in a different signal quadrant than the p; echo path. Like COASTER, the
hypercomplex 2D acquisition approach can be used to obtain the 2D signal in an adjacent quadrant and processed
as described in detail in section E2.11

3.8. Do and Gg Echoes

Here we examine the use of spatial echoes to separate the anisotropic contributions to the NMR frequency under
fast Variable single axis Angle sample Spinning (VAS), where the first-order nuclear shielding contribution to the

NMR frequency can be written as

<Q{"}(93,mi,mj)>VAS = —Wwo0iso Pr(mi, m;) — wols Dég} (0r) Pr(mi,m;j), (152)

and the second-order quadrupole coupling contribution as

w? w? w?
<Q{qq} (Or, mi, mj)> — 4 gflad} Co(mi,mj) + 4 Déqq}(GR) Co(mi,mj) + 4 Géq(I} (0r) Ca(m;, m;), (153)
VAS wo wo wo

where 0 is the rotor angle. Since Do(6g) and Go(fr) are scaled by the second- and fourth-rank Legendre polynomials
Do(0r) = P2(cosOr)D(O'),  Go(fr) = Pa(cosbr) G(O'), (154)

respectively, we can rewrite the frequency expressions as

(20 Or,miimy)) = —w00is0 Prlmi,m;) = woG DI (O) pr(my,my) Pa(cos Or), (155)
and
{aa} Y4 olag) Y4 5tedd (@
(00 O mimy)) = IS co(mimy) + “LDUH(O') ¢o(mi,m) Pa(cos )

(.(.)2
+ ;qG{qQ}(el) C4(mi,mj)P4(cos QR) (156)
0
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3.8.1. MAF

One of the earliest 2D solid-state experiments for separating isotropic and anisotropic contributions to the NMR,
transition frequency of spin 1/2 nuclei is the Magic-Angle Flipping experiment[72], 50]. In MAF, fast sample rotation
is employed to remove the D; and Dy spatial symmetries leaving only the S and Dg spatial symmetries, as given in
Eq. . The MAF experiment then uses the transition pathway,

(=172 4] > =3 (] > ] = - (4

; (157)

and the spatial pathway 9%1 — Gg], where 9%1 #+ Gg] = 05\?. The transition pathway maps into the symmetry pathway

p; =0— -1 — 0 — —1, and the spatial pathway maps into the Dy symmetry pathway,

Do = D(©') Py(cos 6)) — D(©') Py(cos62)) = D(©') Py(cos 611)) — 0, (158)

as shown in Fig. The first pulse excites the magnetization while spinning at the rotor angle 9%}. The mixing

period consists of two 7/2 pulses; the first stores the magnetization along the z-axis during the hop of the rotor
angle, and the second re-excites the magnetization at 0531), the D symmetry magic-angle. As acquired, the signal the
Dy p; echo path is aligned along ¢ while the Sp; echo path moves along the line ¢; + ¢2 = 0. Typically, 2D MAF
spectra are presented without the application of an affine transformation. An affine transformation can be applied
to place the Sp; echo path is aligned along ¢} as shown in Fig. , to obtain a 2D spectrum correlating Sp; with
Do p; frequency contributions. Additionally, to reduce the effects of angle mis-set on the anisotropic lineshapes, the
first rotor angle is often set to 9? =« /2[17, [73, [74] [75].

3.8.2. VACSY

An alternative approach to MAF that does not require a switch of the rotor axis during the experiment is the
Variable Angle Correlation Spectroscopy (VACSY) [76, [77] experiment. As in MAF, fast sample rotation is employed
to remove the D; and Dy spatial symmetries leaving only the S and Dg spatial symmetries. Through systematic
variation of the rotor axis, 6, in independent one-dimensional VAS experiments, the Dy spatial symmetry function
can be varied independently from the S function, and the two functions correlated in a 2D signal created from
uncorrelated 1D VAS experiments. Each 1D VAS experiment, with a signal phase given by

CI)VAS(t) = —WOiso pI(mi,mj) t— WOCO' D{U} (@/) pl(mi,mj)Pg(cos HR) t, (159)

is used to fill the same two-dimensional ]t} coordinate of MAF where Sp; is removed along the ¢} coordinate and
Dy p; is removed along the t; coordinate. In VACSY this is done by defining ¢; = Pa(cosfg) ¢ and ¢, = ¢, to create

a two-dimensional signal phase with
Dyacsy (th,th) = —woTiso P1(ms, mj)th — wols DI7HO') pr(my, my)t]. (160)

The signal acquired as a function of Py(cosfg) is illustrated in Fig. . There is no affine transformation between
the acquired 2D signal as a function of P;(cos 6r) and the 2D signal as a function of ¢} and ¢}, illustrated in Fig. [FI|C.
Therefore, the acquired signal must be interpolated onto a uniformly sampled Cartesian grid in the ¢}—t} coordinate
system. The bigger challenge with VACSY, however, is that it is not possible to sample an entire 2D signal quadrant,
as shown in Fig. FIC, and this results in a 2D spectrum that may be distorted with phase-twisted two-dimensional
lineshapes. If there is sufficient anisotropic broadening in the w| dimension, however, these distortions are minimal.

Additionally, the use of linear prediction methods has also been proposed to remove these phase artifacts[78].

3.8.8. DAS
For half-integer quadrupolar nuclei broadened to second-order, the spatial anisotropies of both Dy and Gy are
removed with the Dynamic-Angle Spinning (DAS) experiment [34] [I7] by reorienting the spinning sample between

two rotor angles, 9%] and 9[32} to create Dy and Gq echoes along the path,
P (cos H%]) t1+Ps (cos 9%1) ta =0,

Py (cos Qg]> ti+Py (cos gg]) ty = 0. (161)
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Figure 50: (A) MAF experiment transition pathways in Eq. on the p; table for {I = 1/2}. (B) Pulse sequence with p; and
Dg pathways for MAF experiment. An open triangle represents a contribution to an indirectly observable free induction decay. (C)
The 2D MAF signal acquired as a function of ¢; and t2, the isotropic nuclear shielding contribution is refocused into a Sp; echo
along the line [S p[Ill]tl + S p[12]]t2 = 0 and the anisotropic nuclear shielding contribution is refocused into a Dg p; echo along the line
[Dt[)l] p[Il]]tl + [D([)z] p[IQ]]tg = 0. The dashed line represents a passive affine transformation of the 2D coordinate system to create a
coordinate, ¢}, along which the 2D signal is unaffected by frequency components containing Sp;. (D) After applying an active affine
transformation with a shear parallel to t2 and a scaling along ¢}, the 2D signal is unaffected by frequency components containing Spj
along the t| coordinate.
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Figure 51: (A) VACSY experiment pulse sequence. (B) The signal is acquired in a series of independent 1D experiments as a function
of the second-rank Legendre polynomial of the cosine of the rotor axis angle. This signal is interpolated onto a t|-t/, coordinate system
in (C) where Sp; is removed along the ¢} coordinate and Do p; is removed along the t/, coordinate. Because sampling the signal in the
t}—t}, coordinate system is only possible inside the shaded area, there may be phase artifacts in the 2D VACSY spectrum.

9%] Gg} k1) = — Py (cos 9%])/PL (cos Hg]) <)
0° 63.43° 5 6
30.56° 70.12° 1.87 2.87

37.38° 79.19° 1 2
39.23° 90° 0.87 1.87

Table 9: Selected DAS angle pairs with associated x(<1) values for removing L = 2 and 4 anisotropies.

The DAS angle pairs needed to create simultaneous Dy and Gy echoes are obtained by solving the simultaneous
equations in Eq. (161) and are given by

Gg] =cos ! 6%] = cos™ (162)

where ] "
K(wl):_Pg(COSHR) :_P4(COS9R)' (163)

Py(cos Og]) Py(cos Hg])

Here 0.8 < k(1) < 5, and a plot the angle pair (9?, Hg]) as a function of x“1) values are shown in Fig. Selected
DAS angle pairs and associated (1) values are given in Table @
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Figure 52: (A) DAS experiment transition pathways in Eq. on the p; tables for spin I = 3/2. (B) Pulse sequence with p;, Do
and Gg pathways for DAS experiment. A filled diamond represents a contribution to a directly observable echo, while an open triangle
represents a contribution to an indirectly observable free induction decay. (C) For a 2D DAS signal acquired as a function of ¢; and ¢2
the contributions to the frequency with Dy and Gg symmetry are refocused simultaneously into echoes at ¢2 = £(“1)¢;. The dashed line
represents a passive affine transformation of the 2D coordinate system to create a coordinate, ¢}, along which the 2D signal is unaffected
by frequency components containing Dy and Gg. (D) After applying an active affine transformation with a shear parallel to ¢2, and a
scaling along t}, a 2D signal with Dg and Gg removed along the | coordinate is obtained.
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Figure 53: Solutions to the DAS simultaneous equations given in Eq. (162). The dashed line represents the P»(cos 95\?) magic-angle,
54.74°.

In the DAS experiment only the central symmetric m; = % — —% transition is excited, with the transition
pathway,
{Ih: =3 42] = =) (+3l = =2 +2] = [=2) (3], (164)

and the spatial pathway 0%} — Hg. The transition pathway maps into the symmetry pathway

p; =0— —1 = 0 — —1, and the spatial pathway maps into the Dy and Gy symmetry pathways, as shown in Fig. .
The first pulse selectively excites the central transition while spinning at the rotor angle Qg]. The mixing period
typically consists of two central-transition selective /2 pulses, the first stores the magnetization along the z-axis
during the hop of the rotor angle[79, [80], and the second re-excites the central transition at angle Gg}. After an affine
transformation, the Dy and Gy echo paths are aligned along the #] axis, removing the anisotropic components, as

shown in Fig. p2D.

4. Pure absorption mode lineshapes

In the previous section, we saw situations in both COASTER and MQ-DOR where the complete acquisition of
two different echo symmetry paths requires the acquisition of the 2D signal in adjacent quadrants in the (1,¢2) time
domain. One would think that the signal acquisition during negative t; or to violates causality. There are, however,
approaches developed in the context of obtaining pure absorption-mode multidimensional lineshapes that achieve the
effective acquisition of an NMR signal going backward in time. In this section we explore how symmetry pathways
can serve as a helpful guide in implementing these approaches.

4.1. One dimension

To better understand how pure absorption mode lineshapes are obtained in a multi-dimensional NMR spectrum,
it is instructive to review some fundamental aspects of absorption and dispersion mode lineshapes in 1D NMR
spectra. As shown in Fig. the Fourier transform of the free induction decay from a single transition pathway
contains a single resonance, and assuming the free induction decay was acquired with the proper receiver phase, the
real part of the spectrum contains an absorption mode resonance lineshape, centered at w = {2, and the imaginary
part of the spectrum contains a dispersion mode resonance lineshape, also at w = 2. This can be easily shown, for

example, in the simple case of the Fourier transform of an exponentially decaying signal,
s(w) = / e eI/ T2 =it gy — 9(w — Q) 4+ iD(w — Q), (165)
0

where A(w) and D(w) are the absorption- and dispersion-mode Lorentzian lineshape functions. The presence of

the dispersion-mode lineshape in the spectrum is not a serious problem in 1D NMR since the different signals are
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segregated into the real and imaginary parts in the receiver. Although, it is more likely that zeroth and first-order
phase corrections are needed to make this segregation complete.

It is often possible to design a transition pathway where all frequency components refocus into a simultaneous
echo during signal acquisition. Additionally, when there is a strong inhomogeneous broadening of the resonance
arising from field inhomogeneities or other spatial frequency anisotropies, it may also be possible to acquire the
full echo signal envelope, as shown in Fig. By shifting the time origin to the echo top and applying a Fourier
transform of this signal, only an absorption mode lineshape in the real part of the spectrum is obtained. That is,
there will be no dispersion mode lineshape in the imaginary part, as shown in Fig.[55] Again, for the simple example

of an exponentially decaying signal, one can readily show that
s(w) = / e eI/ Tz o=t g — 99((w — Q). (166)

The dispersion mode lineshape appears in the imaginary part of the free induction decay spectrum when the lower
limit of the Fourier integral is changed from —oo to zero. Whole echo acquisition for obtaining pure absorption mode
lineshapes is not that useful in liquid-state NMR since one rarely acquires resonances with such strong inhomoge-
neous broadenings. It has, however, become particularly useful in solid-state NMR[I7] for obtaining not only pure
absorption mode lineshapes but also for eliminating lineshape distortions due to receiver dead time.

Essential for employing whole echo acquisition is the ability to create simultaneous echoes of all frequency com-
ponents contributing to a resonance. For example, in Fig. where only frequency components with p; symmetry
are present in the system, all the frequency components are refocused into an echo simultaneously at to = t; using
a Hahn echo, (g —t—m— t2), sequence. In contrast, for a spin I = 1 system, as shown in Fig. the frequency
components with d; symmetry do not refocus into an echo with the p; components. Thus, using this sequence
on a spin I = 1 system would not be appropriate for whole echo acquisition. For such a system one can obtain

simultaneous p; and d; echoes using the transition pathways

P R e R T .
2] = [+1){0] = [0) (+1],

with the symmetry pathways and sequence shown in Fig. Selection of these transition pathways can be achieved

through phase cycling and accurate calibration of the rf pulse lengths.
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Figure 54: One dimensional Fourier transform of a free induction decay.
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Figure 55: One dimensional Fourier transform of a whole echo with the time origin set at the echo top.
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Figure 56: (A) Transition pathways in Eq. (167)) on the p; and dj tables for spin I = 1. (B) Pulse sequence with p; and d; pathways
for two pulse experiment to generate simultaneous py, d;y echoes for a spin I = 1 nucleus.

4.2. Two dimensions

In two and higher dimensions, separating absorption and dispersion mode lineshapes becomes more complicated.
Consider a 2D exponentially decaying time domain signal

S(t1, t) = e~ M1 =iz o= 011/ T2 o= 12|/ T (168)

acquired only in the (¢; > 0,t2 > 0) quadrant. A 2D Fourier transform yields

E(WI,WQ) — |:/ eiQtlelt1|/T2eiW1tldt1:| X |:/ ef’iﬂtgef‘tgl/Tgefiwthdt2
0 0
= Ql(wl — Q)Ql(a& — Q) — ’D(wl — Q)@(WQ — Q) +1 [Q[(wl — Q)@(wg — Q) + Q[(LUQ — Q)’D(wl — Q)] . (169)

The real part of the 2D spectrum contains a 2D lineshape that contains a mixed absorption- and dispersion-mode
lineshape, as shown in Fig.[57[C. Obtaining a pure absorption-mode lineshape is no longer a matter of finding the right
phase correction. Generally, dispersion-mode lineshapes are less desirable because of their tails which fall off slower
than absorption-mode lineshapes, a feature that can lead to greater overlap of resonances in a multisite spectrum.
If the lower limits of our 2D Fourier integrals were —oo, the dispersion-mode 2D lineshapes would be eliminated,
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that is,
5((4)170.}2) _ [/ e—thle—t1|/Tze—zw1t1dt1:| % |:/ e—thQe—t2|/Tze—zw2t2dt2:| — 49[(0.)1 _ Q)m(wz _ Q)’ (170)
— oo —oo

and a pure absorption-mode 2D lineshape, as shown in Fig.[57A, is obtained. Again, note that we have an absorption-
mode lineshape only in the real part and zero in the imaginary part. Thus, to obtain a pure absorption-mode 2D

lineshape in the real part, one only needs to extend one of the two integral limits to —oo, such as,

5((.01,(,02) — |:/ efiﬂtlef‘tll/Tgefiwltl dt1:| % |:/ eiQt2€|t2l/T2eiW2t2dt2:|
—00 0
= 2%[((,01 — Q)Q{(WQ — Q) + ZQQ‘(wl — Q)@(wl — Q) (171)

Here, the real part contains the pure absorption-mode 2D lineshape, and the imaginary part contains a mixed
absorption/dispersion-mode 2D lineshape. Extending only the lower integral limit in ¢35 to —oo would have also
produced a similar result. Clearly, a solution for obtaining a pure absorption-mode 2D lineshape is somehow to
acquire signal in a quadrant adjacent to the (t; > 0,t > 0) quadrant, as illustrated in Fig. There are two
approaches for finding this solution, depending on which adjacent quadrant is acquired. Generally, the (t; < 0,3 > 0)
quadrant is acquired with the hypercomplex approach [I6] and the (¢; > 0,t2 < 0) quadrant with the shifted-echo
approach[17], although either approach can be used for obtaining either adjacent quadrant.

4.2.1. Hypercomplex approach

The hypercomplex approach[I6] employs a transition pathway and its complementary anti-transition pathway.
This is also the basis behind the TPPI approach[81]. The symmetry and anti-symmetry pathways derived from the
transition and anti-transition pathways, respectively, are identical except during ¢;, where the symmetry and anti-
symmetry pathways take on values that are equal in magnitude but opposite in sign. This is illustrated in Fig.
for a generic symmetry and anti-symmetry pathway. Only transition pathways that map into an anti-symmetry
pathway for every spatial-transition product symmetry present in the system can serve as an anti-transition pathway,
generating a signal that acts like the transition pathway signal evolving backward in time during the ¢; period. In
this manner, one obtains a signal in the (¢; < 0,t2 > 0) quadrant.

For example, if only p; symmetry is relevant in the system, then the signals for the transition and anti-transition

pathway are identical except for the sign of the p; symmetry part during ¢; evolution, that is,
(1]

s(t1,t2) = exp { f{u | Q@) tl} exp {iQ(p}!) ta } €711/ T2 eI/ T2, (172)
Pr

Both the transition and anti-transition pathway signals can be experimentally measured at positive ¢; and t5 values.
If the positive ¢ values in the measured transition pathway signal are multiplied by —1 (i.e., reverse the order of data

Alw; — Q) A(w, — Q) -D(w; — Q) D(wy — Q) A(w; — Q) Alw,s — Q)
—D(w; — Q) D(wy — Q)

Figure 57: Shown from left to right are examples of (A) 2D pure absorption-mode lineshape, (B) 2D pure dispersion-mode lineshape,
and (C) 2D mixed-mode lineshape.
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Figure 58: Obtaining a pure absorption mode 2D lineshape requires signal from at least one quadrant adjacent to the (¢1 > 0,¢2 > 0)
quadrant. Generally, the hypercomplex approach[16]| focuses on obtaining the negative t; quadrant through an anti-transition pathway,
and the shifted-echo approach[I7] focuses on obtaining the negative t2 quadrant by generating an echo of all pathway symmetries.
However, either approach can be used for obtaining either adjacent quadrant.
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Figure 59: Symmetry and anti-symmetry pathways for obtaining pure absorption mode 2D lineshapes using the hypercomplex approach.
For the hypercomplex approach, an anti-symmetry pathway must exist for every spatial-transition product symmetry pathway present

in the system.



in ¢, and take the complex conjugate), then the transition pathway signal would appear to be the anti-transition
pathway signal measured at negative ¢; values. Thus, we could use the transition and anti-transition pathway signals

to create one signal that runs from —oco to 400 in ¢; according to

sk i(—t1,t2) for t; <0
Stotar(t,t2) = ’ (173)
Spath(t1,t2)  for ¢ >0,

where the asterisk represents the complex conjugate. The Fourier transform of this signal is
Stotal (W1, W2) = Santi(—w1, w2) + Spath (W1, w2). (174)
Since 2(w) is an even function of w and D(w) is an odd function, we obtain
Stotal (W1, w2) = 2A(w1 — Q1) A(we — Qa) + 12A(w1 — Q1)D (w2 — N2). (175)

To separate the transition and anti-transition pathway signals from the undesired transition pathway signals,
we could perform two experiments: one that selectively detects the transition pathway signal and another that
selectively detects the anti-transition pathway signal. This approach, however, would be wasteful since it cancels out
perfectly good anti-transition pathway signals when doing a transition pathway experiment and vice versa. A more
efficient approach is to design an experiment using proper phase cycling[IT] that separates the experimental signal
sum into two parts, s,(t1,t2) and s,(t1,t2), with both parts selectively detecting the transition and anti-transition
pathway signals (i.e., the transition and anti-transition pathways are aliased together). These two signals can then

be combined to obtain either the transition or anti-transition pathway signals according to

5path(t17t2) = 5z(t1ut2) +i5y(t1>t2)7

Santi(t1,t2) = 8g(t1,t2) —i5,(t1,t2).

(176)

If needed, a shear parallel to to can be applied to Spath(t1, w2) and Sangi(t1,w2) using shear ratios of £@1) and -k®1),
respectively, while the same scale factor, ¢(*1) is used for both signals. After finishing the double Fourier transform on
the transition and anti-transition pathway signals, one can combine them according to Eq. to obtain a spectrum
with pure absorption mode 2D lineshapes. A flowchart for processing hypercomplex data is given in Fig. [60}

A potential complication with the hypercomplex approach arises when the efficiency of coherence transfer through
the transition and anti-transition pathways are not identical. This imbalance will introduce dispersion mode compo-
nents into the pure absorption mode 2D lineshape. One solution is to modify the pulse sequences to find transition and
anti-transition pathways that have more equal efficiencies|82] [83], while another is to use the shifted-echo approach
[17, 83l 84], described in the next section, instead of the hypercomplex method.

4.2.2. Shifted-echo approach

In the shifted-echo approach[I7], a simultaneous echo of all spatial-transition product pathway symmetries is
generated during to. By shifting this simultaneous echo far enough into ¢ acquisition, a whole echo is acquired for
all values of ¢; including ¢t; = 0. The origin in ¢o can then be shifted to the simultaneous echo top, and the lower
limit of the Fourier integral in 5 is extended to —oco. In this manner, one obtains a signal in the (t; > 0,12 < 0)
quadrant. This approach is illustrated in Fig. [61| with a single pathway symmetry.

In experiments with strong inhomogeneous broadenings, this approach leads to a factor of v/2 improvement in
sensitivity compared to the hypercomplex method. The reason for this sensitivity enhancement is apparent when
examining the flowchart for processing hypercomplex data in Fig. [60}] In the presence of strong inhomogeneous
broadenings, there will be little signal volume in the anti-transition pathway, and most of the signal volume will be in
the transition pathway. While adding the anti-transition spectrum eliminates the small dispersion mode components

in the combined spectrum, it can come at the cost of introducing more noise than signal, particularly in the case
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Figure 60: Possible flow chart for processing hypercomplex data to obtain a pure absorption mode 2D spectrum. The transition and
anti-transition pathway signals are constructed using Eq. from the experimentally measured s4(t1,t2) and sy (t1,t2). If needed, a
shear parallel to t2 can be applied to spa¢n(t1,w2) and sanei(t1,ws) using shear ratios of £@1) and -k(@1), respectively, while the same
scale factor, ¢(1) is used for both signals. The transition pathway spectrum is reversed about the w; direction after the Fourier transform
and added to the anti-transition pathway spectrum to yield the pure absorption mode spectrum.
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Figure 61: Generic 2D pulse sequence and symmetry pathway for obtaining pure absorption mode 2D lineshapes using the shifted-echo
approach. For shifted-echo acquisition to work, a simultaneous echo in t2 must be generated for every spatial-transition product symmetry

present in the system.

of inhomogeneous second-order broadening of signals from quadrupolar nuclei. Thus the s/n ratio of the transition
pathway spectrum by itself will be greater than the final combined spectrum by a factor up to v/2. By shifting the
simultaneous echo forward in ¢, so that a whole simultaneous echo can be acquired for ¢; = 0, we remove the small
dispersion mode component in the echo spectrum and thus eliminate the need to add in the “noisy” anti-transition
pathway spectrum. Another advantage of the shifted echo approach over the hypercomplex approach is that it avoids
the potential problem of combining pathways with unequal efficiencies. A flowchart for processing shifted-echo signal
is given in Fig. [62}

The hypercomplex and shifted echo approach can be combined at no extra cost in time, although the anti-
transition pathway signal obtained in this manner is often not useful. There are cases, however, when the dispersion
in isotropic shifts is greater than the anisotropic linewidth (e.g., glasses), and then the anti-transition pathway signal
should be used instead of the transition pathway signal since it will contain the majority of the signal volume. In
such a case, the transition and anti-transition pathway signals will appear to have switched behaviors, with the anti-
transition pathway simultaneous echo tops moving forward with increasing ¢; and the simultaneous echo tops moving
backward. In specific cases, when the dispersion in isotropic shifts is approximately equal to the anisotropic linewidth,
then either the transition pathway and anti-transition pathway signal can be used to obtain a pure absorption mode
2D spectrum, and subsequently, these spectra can be combined for an additional v/2 sensitivity enhancement with
respect to the single pathway shifted echo signal, or with respect to the traditional hypercomplex approach. See
Ref. [17] for a detailed comparison of these approaches.

Another advantage of the shifted-echo approach is that the phase correction needed to place the pure absorption
mode 2D spectrum into the real part of the spectrum can be determined without any user interaction. The algorithm
consists of (1) finding the complex point in 2D time domain data sets with maximum magnitude, (2) applying the
zeroth-order phase correction to the entire data set that makes this point have its maximum intensity in the real
part of data, (3) shift the time origin in t5 to this point, (4) Fourier transform with respect to to, and (5) apply the
first-order phase correction exp(—iws7") to correct for the shifted time origin. The error in calculating the necessary
first-order phase correction using this approach is on the order of the dwell time used in ts.

A potential difficulty with the shifted-echo approach is that 7/ must be adjusted to be large enough to obtain the

whole echo signal. If the homogeneous broadenings, e.g. A, are so large that
e <1212, (177)

then the hypercomplex approach is preferred. Using a shorter 7/ value can alleviate this problem; however, any
truncation of the simultaneous echo tail will add dispersion-mode components into the 2D spectrum. In practice,
however, some truncation of the simultaneous echo tail can be tolerated since this distortion is often no worse than

the distortions obtained from acquisition dead times in the simple hypercomplex sequences.
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Figure 62: Possible flow chart for processing Shifted Echo data to obtain a pure absorption mode 2D spectrum. Apodizations and phase
corrections (also shearing transformations) are usually applied before and/or in between the Fourier transforms with respect to ¢; and
to. If necessary, the echo spectrum can be reversed about the w; direction after the Fourier transform.



5. Affine transformations

The ability to refocus different spatial and transition symmetries into echoes with different paths in time-resolved
NMR, experiments creates opportunities for generating multi-dimensional spectra that correlate different interactions.
These spectra can be made easier to interpret through similarity transformations. Here we examine the mathematics
behind these similarity transformations relating to magnetic resonance experiments. Most similarity transformations
in NMR are affine transformations, as they preserve the colinearity of points and ratios of distances. Important in any
similarity transformation is whether to implement the transformation actively or passively. Active transformations
change the appearance of the signal while leaving the coordinate system unchanged, whereas passive transforma-
tions leave the appearance of the signal unchanged while changing the coordinate system. Both active and passive
transformations are used extensively in NMR. A helpful theorem in employing these coordinate transformations is

the n-dimensional Fourier Affine theorem|[85], summarized by the expressions

) _ s(A; T w
s(A t 4+ At) < exp{it - A7 Tw) W7 (178)

and o
s(Ay w + Aw) > exp{iw - ATt} m, (179)

where A is an n x n affine transformation matrix, A~7 is the inverse transpose of A, t and w are n-dimensional
vectors for time and frequency coordinates, respectively, and At and Aw are n-dimensional vectors for translating
time and frequency coordinates, respectively. In this section, we examine three specific types of affine transformations:

translation, scaling, and shearing transformations, and their relevance to various multidimensional NMR experiments.

5.1. Translation

Translations can be utilized in NMR experiments of any dimensionality. For 1D NMR experiments, a translation
involving the time domain is implemented with
t'=t+ At, (180)

and a translation involving the frequency domain with
W =w+ Aw, (181)

where At and Aw are the respective translations. The adjustment of the reference frequency in an NMR spectrum
is probably the most common example of a passive frequency translation. For discretely sampled signals, it might
appear that active translations would be limited to integer multiples of the digital resolution; however, the Fourier
shift theorem,

s(t 4 At) < e“Bls(w) and  s(w + Aw) < e2s(1), (182)

removes this restriction. Consider, for example, the need for time translation when processing the NMR signal
obtained with whole echo acquisition|[I7] as shown in Fig. [63|and further described in Section A Fourier transform
of the whole echo signal with the original (as acquired) time coordinate axis yields a strongly phase modulated
lineshape because the echo top did not coincide with the time coordinate origin. One could actively shift the signal
directly in the time domain, but this would be restricted to integer multiples of the receiver dwell time. Using
the Fourier shift theorem, as illustrated in Fig. the signal can be shifted by an arbitrary time, At = —tg, by
Fourier transforming the signal with the original time domain coordinate into the frequency domain where a first-
order phase correction of e~*? is applied to the signal. Then, an inverse Fourier transformation back into the
time domain yields a signal that has been actively translated by —ty. A well-written Fourier transform method that
is aware of the shift theorem will take the position of the signal’s coordinate origin into account when calculating
the Fourier integral. Thus, in principle, one could also apply a passive transformation, that is, define a new time
coordinate, using Eq. with tg = —At, before Fourier transformation to obtain a properly phased spectrum

from a signal with whole echo acquisition.
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Figure 63: Application of the Fourier shift theorem when processing a signal with whole echo acquisition[I7]. Clockwise from the top
left, a Fourier transformation of the original time coordinate ¢ results in a strongly phase-modulated frequency spectrum. This phase
modulation can be removed by applying a first-order phase correction determined by tg. Inverse Fourier transformation of the phase-
corrected spectrum to the time domain confirms this to be a time translation. Counterclockwise from the top left, a passive translation of
the coordinate system defines a new time variable ¢’ whose origin is at the echo top. As described in Section a Fourier transformation
with respect to t’ results in a pure absorption mode spectrum.

For 2D NMR signals, a translation is given by

tll t1 Aty t1 + Aty
= + - : (183)
t/2 to Aty to + Ato

where At; and Aty are the translations. With an appropriate change in variables, the same approach can be taken
for translation in a frequency or mixed domain 2D NMR signal. Active translations of the signal are easily performed
using the n-dimensional Fourier shift theorem

s(t + At) & e 2s5(w) or s(w + Aw) < 29 ts(t), (184)
where t, At, w, and Aw are n-dimensional vectors.

5.2. Scaling

For a 1D NMR signal, a scaling involving the time or frequency domain is given by
' =c®¢t or W =¢@uw. (185)

A scaling transformation preserves the coordinate origin. The scaling is a dilation when ¢ > 1, a contraction when
0 < ¢ <1, and when ¢ < 0, it is considered a reflection followed by either a contraction or dilation, depending upon
<.

For a 2D NMR signal, the scaling is given by

t) st 0 t c(tg
tl= fl= e (186)
th 0 clt2) to c(t2)¢,

St
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and with an appropriate change in variables used for scaling in a frequency or mixed domain 2D NMR signal. Using
the Fourier Affine theorem in Eqs. (178]) and (179)) one can show that

-T T

(t1) o 1/c(t1) 0 1/c(t1) 0
S S S
s;T=[s;" = Y _| Y : (187)
0 ot 0 1/t 0 1/t

revealing the reciprocal relationship between frequency and time domain scalings, that is, ¢(“1) = 1 / ¢(t1) and ¢w2) =
1/c(t2),
Generally, active scaling of discretely sampled signals in NMR can be problematic as it may require signal

interpolation. Thus, it is more common to perform passive scaling in NMR.

5.8. Shearing

Another important affine transformation is the shearing transformation, which is only defined for two or higher-

dimensional NMR signals. A shear parallel to the t5 coordinate is given by

t] 1 0 ty tq
L - ) (188)
th rt2) 1 to ty + r(t2)ty
Koy
and the shear parallel to the t; coordinate by
th 1 k() th t + kMt
= = , (189)
t 0 1 t t
Ky
where £ is a shearing ratio. Similarly, a shear parallel to the wy coordinate is given by
W 1 0 w1 w1
b= = : (190)
wh k@2 1 wa wy + K20,
Keog
and the shear parallel to the w; coordinate by
wi 1 k) w1 w1 + k@ w,
= = . (191)
(;J/2 0 1 w2 w2
Koy
Again, using the Fourier Affine theorem in Eqs. (178)) and (179) one can show that
-T T
1 0 1 0 1 -t
_ _11T
K7 = [xi)" = _ - 7 (192)
k(t2) 1 —k(t2) 1 0 1

revealing that a shearing of the 2D time domain signal parallel to ¢, with shearing ratio x(*2) corresponds to a shearing
of the corresponding 2D frequency domain signal parallel to w; with shearing ratio x(“1) = —(*2), Similarly, one
finds that a shearing of the 2D time domain signal parallel to ¢; with shearing ratio £(**) corresponds to a shearing

of the corresponding 2D frequency domain signal parallel to ws with shearing ratio x(«2) = —g(t1),
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Figure 64: Illustration of a passive and active shear parallel to the t2 coordinate followed by a passive scaling of the t] coordinate. The

shaded area represents a region of the sampled signal.

It is generally preferable to perform active shearing in NMR to avoid the need for skew projections. As with
translations, the active shear of discretely sampled signals is best performed by exploiting the Fourier shift theorem.
For a shear parallel to ¢, this is done by applying a t1-dependent first-order phase correction in the mixed (1, ws)

domain with
s(t), 1)) <> ez gt wy), (193)

and for a shear parallel to ¢y, it is done by applying a ta-dependent first-order phase correction in the mixed (w1, t2)

domain with
s(t), th) < e "V tg (1), (194)

5.4. Single shear and scale

Several 2D NMR experiments center on the refocusing of a single spatial or transition symmetry or the coincident
refocusing of multiple symmetries. Though the implementation is experiment dependent, they are similar from a
signal-processing standpoint. To connect with our discussion of symmetry pathways, we define the direction of the

echo path with symmetry a in the original coordinate system with the line
allt; +allty = 0, (195)

and shear the echo signal parallel to the to coordinate using the shearing ratio

1
K(t2) — ﬁ

a[Q] ) (196)
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Figure 65: Illustration of a passive and active shear parallel to the t; coordinate followed by a passive scaling of the t3 coordinate. The

shaded area represents a region of the sampled signal.

to place the echo path entirely along the new coordinate ¢}, as shown in Fig. @ After the shear, the t] coordinate
is scaled to give a t| coordinate that reflects the dephasing and refocusing time of the echo path using the scaling
factor

¢ = 14 |k, (197)

The product of the shear and scale transformations gives

st 0 1 0 ¢t 0
Ay, = = . (198)
0 1 kt2) 1 kt2) 1
8y Ky

Thus, the shearing and scaling transformations are completely determined by the value of x(*2), and we obtain

th 1+ k)] 0 ty ty + [k(2)]ty
— - , (199)
th K(t2) 1 to to + K2ty

Note that the transformation becomes the identity matrix as x(*2) goes to zero.

Although the transformation is more conveniently implemented in the time domain, the shear ratio for NMR
experiments is often given for the 2D frequency domain signal. That is, for a shear parallel to to, the reported shear
ratio is

k) = —pt2), (200)

Frequency components that do not refocus into an echo along the a symmetry line will phase modulate the signal

along the ¢ dimension. In the transformed coordinate system, the signal phase modulation will be given by

t t
o(th,t) = [P | | = ol aflagt | T (201)
th 12
Using
1
_ 1+ |k(w2)
Ayt = Klm | : (202)
1+ |k(w2)|
one calculates
ol Q4 glw2)l2]
=@ ot = | L+l ] (203)
' 0l2l
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showing that the effective frequency during ¢} is a weighted average of the frequencies during ¢; and t2, weighted by
¢(t1) and ¢(11) k(«@2) | respectively.
Conversely, one can define the direction of an echo path with symmetry b in the original coordinate system with
the line
bt + b, =0, (204)

and shear the echo signal parallel to the ¢; coordinate with

k) = — (205)

to place the echo path entirely along the new coordinate ¢35, as shown in Fig. After the shear, the ¢ coordinate
is scaled to give a t}, coordinate that reflects the dephasing and refocusing time of the echo path using the scaling
factor

) — 1 4 |,€(t1)|. (206)

The product of the shear and scale transformations gives
1 0 1 k) 1 k)

Ay, = - . (207)
0 ) 0 1 0 ()

“1

Thus, the shearing and scaling transformations are completely determined by the value of £(!1), and we obtain

th 1 k) t) t1 + kM)ty
- = : (208)
th 0 14 |kt to to + |k |ty

Again, note that the transformation becomes the identity matrix as £(**) goes to zero. As before, for a shear parallel

to t1, the shear ratio is often reported as

rw2) — _(t1) (209)
Additionally, using
) k(@2)
A;11 _ 1+ |?(w2)| ’ (210)

one calculates the frequencies in the transformed coordinate system as

Q' Qi
= [, QPIA T = | Lol L o@ |, (211)

121
“ 1+ 5]

showing that the effective frequency during ¢} is a weighted average of the frequencies during ¢; and ¢2, weighted by
¢t2) k@) and ¢(*2) | respectively.

When actively shearing a discretely sampled 2D signal, it is best to exploit the Fourier shift theorem to avoid
the need for interpolating data points onto an equally spaced Cartesian grid. A consequence of this approach is that
there will be a wrapping of signal, as illustrated in Fig.

A signal processing flow chart for applying a shear and scaling to a 2D NMR signal is given in Fig. [67} After
Fourier transform with respect to to, the ¢; dimension is sheared via a t; dependent first-order phase correction, after

which the ¢; dimension is scaled. A second Fourier transform with respect to ¢} yields the 2D spectrum.
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Figure 66: Illustration of shearing a discretely sampled 2D time domain signal. (A) Signal before the shear transformation. (B) Signal
after active and direct shear transformation. Notice that sampling on a Cartesian grid will require an interpolation of points. (C) Signal
after active shear transformation using the Fourier shift theorem. While sampled data remain on a Cartesian grid, some signal data
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Figure 67: Flow chart for processing 2D NMR signal that refocuses a single or multiple symmetries along a single echo path. After
Fourier transform with respect to to, the signal is sheared parallel to the t3 coordinate with dependent first-order phase correction using
the shear ratio x(¢1) after which the ¢; dimension is scaled by ¢(t1). A second Fourier transform with respect to ¢ yields the affine

transformed 2D spectrum.

5.5. Double shear and scale

When multiple symmetries are present, it is possible to refocus components with different symmetries along
different echo paths. Using appropriate affine transformations, these multiple echo paths can be transformed to lie
on orthogonal axes. In an experiment with two different echo paths, we define the direction of each echo path in the

original coordinate system with the lines
alllt; +al2lty = 0, (212)

and
bWty 4+ b, =0, (213)

and shear the a symmetry echo signal parallel to the ¢o coordinate with the A;, transformation of Eq. (198]) using
the shearing ratio in Eq. (196 and the ¢} scaling factor in Eq. (197)), to place the a symmetry echo path entirely
along the new coordinate #}. After the A;, transformation the b symmetry echo will lie along the path

bl 4+ P, = o, (214)

in the (¢},t}) coordinate system. Using At_; one can calculate the new coefficients for the b symmetry echo path

obtaining
plt bl 4 gen)pl
= b bRt = L [rln] (215)
XS pl2)

Using the new coefficients, one can shear the echo signal parallel to the ¢} coordinate with the Ay, transformation of

Eq. (207) using the shearing ratio

, b2 b2l
() = 2 — (216)

b’[l] b[l] + K(w1)b[2] ’
1+ |k(ws)|
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Figure 68: Flow chart for processing 2D NMR signal that refocuses multiple symmetries along two different echo paths. After Fourier
transform with respect to t2, the signal is sheared parallel to the t2 coordinate with dependent first-order phase correction using the
shear ratio (“1), after which the ¢; dimension is scaled by ¢(t1). Then an inverse Fourier transform with respect to wo is performed,
followed by a Fourier transform with respect to ¢;. The signal is then sheared parallel to the ¢} coordinate with dependent first-order
phase correction using the shear ratio ri<‘”/2), after which the t/, dimension is scaled by S5, Finally, a Fourier transform with respect to

t!) yields the affine transformed 2D spectrum.



and the t}* scaling factor in Eq. to place the b symmetry echo path entirely along the new coordinate t7.

As suggested by the flowchart of the data processing protocols in Fig. the data processing begins analogous
to the single shear and scale approach, where the ¢; dimension is sheared and scaled in the mixed (t1,ws) domain.
The data is then inverse Fourier transformed in the ws domain, and then Fourier transformed in the | domain.
Subsequently, a similar set of shearing and scaling transformations are applied along the f5 dimension prior to the

final Fourier transform.

5.6. Spinning sidebands

One consequence of the shearing and scaling transformations in NMR spectroscopy is that the spinning sidebands
can appear at non-integer multiples of the spinning speed in the transformed coordinate system[52]. A schematic
example of the behavior of spinning sidebands after a shearing transformation is shown in Fig. [69] for the two cases
k1) =1 and k@1) = 7/9. The frequency axes in Fig. are in units of wg, the actual spinning speed. The
example in Fig. is the common situation in 2D echo spectroscopy, where the dephasing and refocusing times
are equal (e.g., DAS (k1) = 1), 2D J spectroscopy, etc.). In this example, even though the spectrum is sheared,
the sidebands remain aligned such that a projection onto the w{ axis contains only sidebands at integer multiples of
wpr/2. In contrast, the example shown in Fig. corresponds to a 2D echo experiment with unequal dephasing and
refocusing times, in this case, the 3Q-MAS of a spin I = 3/2 nucleus where £“1) = 7/9 and (1) = 16/9. In this
situation, the spinning sidebands are not aligned in wj, and consequently, a projection onto wj (i.e., the isotropic
axis of 3Q-MAS) will contain spinning sidebands that are separated by multiples of and also sum and difference

frequencies of ¢“Dwp = 0.56wg and @D @R = 0.44wp.

6. Spatial averaging symmetries

During the development of the first coherent averaging schemes for removing second- and fourth-rank spatial
anisotropies, Pines and coworkers[3, [60] asked the general question: “What is the minimum number of orientations
and perhaps the simplest trajectory needed to average away the anisotropy of given set of tensor ranks?” Here
we review their answer to this question. We start with the generic Ay ¢ orientation dependence contained in our

solid-state NMR Hamiltonians expanded in the form

Apo=Y AL, D (Osrc), (217)
k

where Ogpe is the orientation of the magnetic field in a sample fixed coordinate (SFC) frame (e.g., a goniometer

frame), and @I(fg (©) is a matrix element of the Wigner rotation matrix, D(0). If ©gpc is varied according to the g

symmetry operations G, of the group G, then we obtain an average

—9
—-—9
Ao =Y ALDE (218)
k
where
po 7 _ 1 zg:ﬂ“(c: ) (219)
B 9 a=1 o

For our purposes, we consider the proper point subgroups of SO(3), which contain only the proper rotation operations
C)*. The matrix representation of the operation G, for a given rank L can be reduced under the point group 9

according to

DHI(Ga) =) mar T(Ga). (220)

where a runs only over the inequivalent irreducible representations and the integer m,, ;, gives the number of times
that the irreducible representation I®(G,) occurs in the reduction of the matrix DY) (G,). The dot over the
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Figure 69: Schematic examples illustrating the effects of the affine transformation on a single resonance flanked by spinning sidebands
in a 2D spectrum. (A) Before any affine transformation is applied, the spinning sidebands appear at integer multiples of the spinning
frequency away from the center band in the 2D spectrum. (B) After the affine transformation is applied to the 2D spectrum in (A) by
employing a shear parallel to t2 with a shear ratio k@) =1 and a scaling of t; by ¢(t1) = 2. In this case, the spinning sidebands in the
2D spectrum are aligned with respect to w} so that a projection onto the w] axis contains only spinning sidebands separated by integer
multiples of wr/2. Here, the dashed lines represent a passive affine transformation back to the original coordinate system in (A). (C)
After affine transformation applied to 2D spectrum in (A) by employing a shear parallel to t2 with a shear ratio w(@1) = 7/9 and a scaling
of t1 by ) = 16/9. In this case, the spinning sidebands in the 2D spectrum are not aligned with respect to w] so that a projection onto
the w] axis contains spinning sidebands that are separated by multiples of and also sum and difference frequencies of Wiy r = 0.56wpr
and C(WI)H(WDUJR = 0.44wpg. (Adapted from P. J. Grandinetti, Y. K. Lee, J. H. Baltisberger, B. Q. Sun, and A. Pines, J. Magn. Reson.
A, 1993, 102, 71). Here again, the dashed lines represent a passive affine transformation back to the original coordinate system in (A).



summation sign reminds us that this is not the usual matrix addition but signifies that DE) (G,) is composed of the
square matrices T (G, ) arranged down the diagonal[86]. Substituting Eq. ([220) into Eq. (219) we obtain

—— 5 1< 9
DI — EZ M. L Z r'(G,). (221)
« a=1

From the general orthogonality properties of irreducible representations[87] we know that if & = Ay, i.e., the totally
symmetric representation, then we have

zg: TG ) TP(G,) = Zg: r?(G,) =0, (222)

a=1

—5
unless § = A;. Thus we conclude that the average D)™ will be different from zero only if the expansion in Eq. (220)
contains the A; representation (i.e., ma,,r # 0).

The multiplicity m,, of any irreducible representation « can be evaluated from the general expression for traces

1 g
My = ; Z Y (Go)* Y (G, (223)
a=1

and the character of a rotation C]" is calculated from

Sin(L + %)CG

X (C™) =
L( n) sin%CG

, (224)
where (g is an angle of rotation about the symmetry axis whose orientation is entirely arbitrary. Using Eq. ,
the character tables for the point groups, and Eq. , one can determine which tensor ranks of Ay, o will average
to zero under each point group. These calculations are summarized in Fig. [70]for L = 1-10 under the groups § = Du,
T, O, I, and SO(3). From Fig. we find that those reorientation trajectories passing through orientations
related by octahedral symmetry will average away tensors of rank L = 1, 2, 3, 5, and 7. While neither octahedral
nor tetrahedral symmetry is capable of removing both the second- and fourth-rank anisotropies of our second-order
electric quadrupole Hamiltonian, we see in Fig. [70|for tensors up to rank L = 10 that icosahedral symmetry succeeds
in removing not only tensors of rank L = 2 and 4, but also ranks L =1, 3, 5, 7, 8, and 9.

In Fig. [7Th, we see that MAS, which was engineered to average away second-rank anisotropies, contains three
octahedral symmetry-related orientations in its trajectory. Maciel and coworkers[88] [72] have demonstrated that the
averaging of the continuous MAS trajectory can also be accomplished using a completely discontinuous trajectory
called Magic-Angle Hopping (MAH), which hops between the octahedron vertices as shown in Fig. . This technique
also forms the basis of the Magic-Angle Turning (MAT) experiments of Gan[5I] and Grant and coworkers[53]. Shown
in Fig. and are two DAS solutions, (0°,63.43°,k = 5) and (37.38°,79.19°, k = 1), that describe partially
continuous trajectories that pass through the vertices related by icosahedral symmetry. In analogy with MAH, a
purely discrete trajectory hopping amongst the icosahedron vertices is called Dynamic-Angle Hopping (DAH) and
forms the basis of the DAH-180 experiment described by Gann et al.[89].

Although a point subgroup of SO(3) defining the minimum number of orientations capable of averaging away
the anisotropy of a given set of tensor ranks may provide a convenient starting point for designing a trajectory, it is
certainly not necessary for a trajectory to contain all the symmetry-related orientations of that point subgroup in
order to accomplish the same averaging. For example, there exists a continuous set of DAS trajectories that do not
contain orientations related by icosahedral symmetry, yet these trajectories average away second- and fourth-rank
anisotropies. Likewise, the DOR trajectory does not contain orientations related by icosahedral symmetry.

In the case of DOR, its trajectory can be constructed from symmetry operations obtained using an iterative
approach[3]. In this approach, one starts by noting that the anisotropy described by a tensor of rank L can be
averaged away by reorienting the sample so that the field is directed at N = L + 1 or more equally spaced directions
to form a cone, that is,

a 2T
Ohe = (a0 + B, (225)
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Symmetry <RL,m> —0

Tetragonal (Dy4)

L=ofl2B04[s]s]7]8]o]10

Tetrahedral (T)

A - BE - DROBD

Octahedral (O)

L= o KEENE Bl cH e oo

Icosahedral (I)

. — o ENEAENENE ° KRR

Rotation (SO(3))

BEEKY |23 4|5/ 6]/7[8]9]10

Figure 70: Averaging of spherical harmonics up to rank L = 10 under selected proper point groups and SO(3). (Adapted from A. Samoson,
B. Q. Sun, and A. Pines, in Pulsed Magnetic Resonance: NMR, ESR, and Optics - A recognition of E. L. Hahn, Clarendon Press, Oxford,
1992.)

so that

1 a
Dy = ~ > D (O0) = Pr(cos B), (226)
a=1

with @,(fg made zero by simply choosing one of the corresponding roots of Py (cos ), given in Table 7?7, to obtain
the cone’s apex angle 23. For example, a second-rank tensor is averaged to zero by reorienting the sample so that
the field is directed along three equally spaced directions forming a cone with an apex angle of 26(2) = 2 x 54.74°,
as shown in Fig. [T2h. An iterative approach to selectively average away interactions of two different ranks, L; and
Ly, where Ly < Lo, is developed by employing an additional splitting of Ny = Ly 4 1 directions given by

a 2w
959;)0 = (a2 + Eaz,ﬁ(h)/m, (227)
about each of the Ny = L; 4+ 1 orientations given by
27
0 = (a1 + Eal,ﬂ(h),%) (228)

In the case of second-order electric quadrupole broadenings where Ly = 2 and Lo = 4, we obtain the splitting shown
in Fig. [72B with apex angles 23() = 2 x 54.74° and 23 = 2 x 30.56°. Thus one can visualize DOR as simply a
continuous trajectory that includes these symmetry-related orientations.
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(A)

54.74°

63.4°

Figure 71: (A) Magic-Angle Spinning passes through three vertices of an octahedron with continuous rotation on a cone with an apex
angle of 54.47°. Icosahedral symmetry can be implemented with just two continuous trajectories in cases where tensors of rank 2 and
4 are to be eliminated. Time spent along one particular trajectory is proportional to the number of vertices. DAS solutions that pass
through the vertices of the icosahedron are the continuous rotation on two cones with apex angles of (B) 61 = 0° and 02 = 63.43°, where
the ratio of times spinning at the two angles is 1:5, and (C) 61 = 37.38° and 62 = 79.19°, where the ratio of times spinning at the two
angles is 1:1. (Adapted from B. Q. Sun, J. H. Baltisberger, Y. Wu, A. Samoson, and A. Pines, Solid State NMR, 1992, 1, 267, and from
A. Samoson, B. Q. Sun, and A. Pines, in Pulsed Magnetic Resonance: NMR, ESR, and Optics - A recognition of E. L. Hahn, Clarendon
Press, Oxford, 1992.)

7. Summary

In this review, we have outlined a simple and consistent framework for designing NMR experiments, particularly
for solid-state NMR. This framework extends the concept of coherence transfer pathways, starting with two main
pathways called the spatial pathway and the spin transition pathway, which completely describe an NMR experiment.
Given a pulse sequence and spin system’s spatial and spin transition pathways, a series of related symmetry pathways
can be derived, which show, at a glance, when and which frequency components for the system will refocus into echoes.
Although these frequency components are classified according to familiar symmetries under the orthogonal rotation
subgroup (i.e., s, p, d, f, ...), the power of this framework is in providing insight behind many experiments even
when internal couplings are much larger than the rf coupling, and one can no longer rely on the symmetries under
the orthogonal rotation subgroup as a guide to designing new experiments. Additionally, this framework provides a
more physical picture behind the use of affine transformations when processing the multidimensional signals obtained
in many solid-state NMR experiments and also serves as a helpful guide when designing multi-dimensional NMR
experiments with pure absorption mode lineshapes.

We believe this framework not only provides a powerful tool for designing new NMR experiments but can be a

useful pedagogical tool for NMR, allowing students to quickly grasp several modern solid-state NMR, experiments
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Figure 72: (A) The anisotropy described by a tensor of rank L can be averaged away by reorienting the sample so that the field vector

to form a cone with apex angle 28X, For L = 2, this is accomplished with

2
is directed at N = L 4 1 directions with a spacing of I :1

three directions spaced 120° apart, forming a cone with an apex angle of 2 x 54.74°. (B) Anisotropies of rank L1 and La, where L1 < Lo,
can be eliminated with an additional or secondary splitting of field directions. The symmetry axes of the new cones retain the original
symmetry of the primary splitting shown in (A). For L1 = 2 and L2 = 4, the averaging is accomplished with a secondary splitting of five
directions spaced 72° apart, forming a cone with an apex angle of 2 X 30.56°. (Adapted from A. Samoson, B. Q. Sun, and A. Pines, in
Pulsed Magnetic Resonance: NMR, ESR, and Optics - A recognition of E. L. Hahn, Clarendon Press, Oxford, 1992.)

without the need to enter into a full density operator description of each experiment.
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A. Frequency component derivations

A.1. Rotating tilted frame

To begin our treatment, we define the laboratory frame by orienting the direction of the z axis along the static
external magnetic field. We also define the z-z plane to contain the long axis of the transmitter (and receiver) coil.
In the absence of excitation, the spin system evolves under the stationary state Hamiltonian operator, UA{S, whose

representation, Dy, in its diagonal frame, is related to the laboratory frame representation by
Dy, =V, v, (A1)

where V is a unitary transformation operator between the diagonal and laboratory frames. The overall Hamiltonian,
ﬁs, for the system can be separated into various contributions arising from magnetic dipolar couplings among
nuclear spins as well as couplings of the system with the surroundings. Assuming that the dominant contribution is

the Zeeman coupling to the external magnetic field, By, we write
Hy = HO 4 FHO, (A.2)

where H(® is the Zeeman Hamiltonian and J:Cgl) contains all the contributions to the stationary state Hamiltonian

arising from spin couplings internal to the sample,
F =" 5. (A.3)
A

With the assumption of a dominant Zeeman interaction, our treatment can be further simplified by moving
into the “rotating tilted” frame[90], a frame rotating about the z axis of the diagonal frame, and defined by the
transformation A

W(t) = Ve H@rattoro)lZ (A.4)

where w;.ot is the rotating frame frequency and ¢, is the initial phase of the rotating frame[91] 23]. The orientation
of the rotating tilted frame with respect to the laboratory frame will depend on crystallite orientation. Because this
review considers nuclear spin interactions requiring higher-order corrections to the Zeeman eigenstates, all operators
defined in the diagonal rotating tilted frame will be indicated with a circle superscript. We also assume that w;.o; is

chosen so that |wg — wret| < |wp|. The propagator in this frame is given by
t
U°(t,0) = Texp { (i/h) / D2(s) ds} , (A.5)
0
where 7' is the time ordering operator, and bg (t) is the Hamiltonian in the rotating tilted frame, given by
D2(t) = WH)FCW (1) + inW ()W (1), (A.6)

where WT(t)H,W (t) is the diagonalized laboratory frame stationary state Hamiltonian and ihW1(¢)W (t) is the
familiar quantum analogue of the inertial forces generated classically by transforming to a moving frame. This

propagator can be related back to the lab frame according to
U(t,0) = W(t)U°(t,0) WT(0). (A7)
The density operator in the rotating tilted frame, p°(t), is related to the laboratory frame density operator by
po(t) = W () p(t) W(t). (A.8)

We follow the NMR experiment (i.e., define our coherences) in the rotating tilted frame[92]. Additionally, we take
the equilibrium density operator in the high-temperature approximation to be proportional to the stationary state
Hamiltonian, that is,

2 < Ds. (A.9)

We will calculate the total frequency of an |i) — |j) transition in the rotating tilted frame as

Q(i, j) = (JID215) — (il D2l (A.10)
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A.2. Irreducible spherical tensors
The nuclear spin interactions with significant contributions to :f{,ﬁ” (i.e., quadrupolar, nuclear shielding, J, and

dipolar couplings) have the general form

R RYLY R v,
G = A U RV = A (ﬁm U, Uz) RM R RIY v, |- (A.11)
R RLY RYY V.

The vector U is a nuclear spin vector operator, whereas the vector V can be the same nuclear spin vector operator
(quadrupolar interaction), another nuclear spin vector operator (dipolar and J coupling), or the external magnetic

field vector (Zeeman and nuclear shielding interactions). The R;{Ij } (i,k = z,y, z) are generically given by

vy _ L B A.12
Ry’ = 109 sv.9v, (A.12)

where E1* is the energy of the nuclear spin’s ) interaction.

This Hamiltonian can also be written

Foo =AM ST RO, V), (A.13)

ik=xzyz
where Tg‘} are Cartesian tensor elements constructed from the two vectors, U and V:
Tx(U, V) = UiVi. (A.14)

A real second-rank Cartesian tensor X i{,j‘} can be decomposed into irreducible representations with respect to the

full three-dimensional rotation group O3 according to

Xir = Edix + Aix + Sik, (A.15)
where
E = %Tr{X}, (A.16)
Ay = %(Xik: — Xki), (A.17)
Si = % (Xir + Xpi) — %T&{X}&ik. (A.18)

Here F is invariant under rotations of the system, A;; is the traceless anti-symmetric part and is equivalent to an
axial (or pseudo-) vector and S;i is the traceless symmetric part of the tensor. Unlike a polar (or ¢rue) vector, the
components of an axial vector do not change sign under an inversion of the coordinate system.

An irreducible pseudotensor of rank one, C(a), can be formed from the antisymmetric components, and the

principal axis system of this pseudotensor is defined as the coordinate system where

M =MD =0, AW =@ = Jaz 4 a2, + 42, (A.19)
with ¢(®) as the antisymmetric first-rank tensor anisotropy.
The principal axis system of the second-rank symmetric tensor, S, is defined as the coordinate system where S
is diagonal with principal components, )\isz), Aé“’;}, and Ag‘? ordered, according to the Haeberlen convention[93], such
that

A > AL > AL, (A.20)

vy

and since S is traceless we have
AL+ Al A =o0. (A.21)
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Additionally, we define the second-rank symmetric tensor anisotropy, ¢, and asymmetry parameter, 7, according to

(5) _ 1 (s)
C= A and n= duww e

A.22
7 R (A.22)

The second-rank Cartesian tensor, X jkA}, can be decomposed into irreducible spherical tensor components given
by [94]

Xo,0 = _%[Xzz + Xy + X2, (A.23)
X1 = =5 Xy~ Xyl (A.24)
Xir = g [Xew — Xow (X — X)) (A.25)
Xog = =[5 = (Xeo o+ Xy + X0 (A.26)
Xoat = :F%[XM b Xow £ i(Xys + X)), (A.27)
X0 = 5[Xaw — Xy £ i(Xay + X)) (A.28)

Calculated in terms of E, A, and Sy the irreducible spherical tensor components are given by

Xoo=—-V3E, (A.29)

X1 =—iV2 Ay, (A.30)

Xl,:tl = _(Azx + ZAyz)v (A?)l)

XZ,O = \/g Szz, (A32)

X2,:i:1 = :F(Sz:v + iSzy)a (A33)
1 .

X27j:2 = i(va — Syy + ZQSMJ) (A34)

The inverse relation between second-rank spherical tensor and second-rank symmetric Cartesian tensor elements are

1
EF=——X A.35
5 %00 (A.35)
)
Apy = —=X1,0, A.36
v = X0 (A.36)
1
A = —§(X171 + X1,-1), (A.37)
7
Ayz == 7§(X171 - Xl,—l)a (A38)
1 1
Sypa = §(X2,2 + X5 o) — %Xzo, (A.39)
7
Say = Syo = 5(Xz,—2 = Xa), (A.40)
1 1
S, = —=(Xas+ Xo ) — —Xa0, A4l
yy = —5 X224+ Xz, -2) 75 e (A.41)
1
Szz = Sza: = §(X2,71 - X2,1); (A42)
2
Szz = \/;X2,07 (A43)
7
Sye = ey = 5 (Xo 1+ Xa). (A.44)

100



quadrupolar nuclear shielding dipolar J

A q o d J

U I I L I,

A% I B L L
AT QI(CI;IQil) I —(po/4m)7172h 27
i 0 3 Oiso 0 V3 Jiso
pio 0 —~iv2 ¢ 0 —iv2 ¢
PPi}l 0 0 0 0
| Vi Vi e NEXS,
pgA:I]-:l 0 0 0 0
pitly | —maGa/2 110G 2 0 ~15C1/2

Table A.10: Definitions for the irreducible spherical tensor elements for the quadrupolar, nuclear shielding, and dipolar coupling tensors
in the principal axis system (PAS) for a Hamiltonian in the form of Eq. (A.49). Here, we define the first rank nuclear shielding or
J antisymmetric tensor in its PAS as p1,0, which is related to its value, r1 m, in the PAS of the second rank symmetric tensor by

Tlm—ZD<2> (0,5,7) p1,0-

k| Tox(U,V) T ,(U,V) T (U, V)

1 1 1
0 | ~LU-V | LUV —UVy] | LUV, - UV
+1 - $U.Vy — UL V] Fi[U.Va + ULV
+2 - - ULV,

Table A.11: Irreducible spherical tensors, Ty (U, V), formed from the tensor product of two vectors U and V, and expressed in terms

of their Cartesian components for J < 2.

In the principal axis system of A, we find

pro=—ivV2 @, p i =0. (A.45)
In the principal axis system of S, we find
3 1
P20 =1/ 5 ¢, p241=0, pai2= —507- (A.46)
We also find
3 1
1)2,0 = \/>A22)7 P2,i1 = Oa p2,i2 = 5()\;81,) - )\’LZ))? (A47)
and conversely,
() — /2 (s) 1 (s) 1
/\ZZ = § £2,05 >\m = p2,4+2 — % £2,05 )\yy = —p2,42 — % P2,0- (A-48)

Finally, using the definitions of this section, including Tables[A.10/and [A.11|or[A.12] one can re-express Eq. (A.13))

in terms of irreducible tensor elements of ranks L =0, 1, and 2 as

=AW Z Z ymrM T U, v). (A.49)

L=0m=—L
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A.3. Perturbation theory

Using the static perturbation approach, as outlined by Goldman et al.[90], and limited here to non-degenerate

systems, D, and V can be obtained through the perturbation expansion,

Dy=HO + DO 4+ D@ 4 ... (A.50)
V=1+VWO4+v® 4. (A.51)

with each correction given by
D™ =3~ EMiil, (A.52)

%

v =3 ’v§">><¢|, (A.53)

where the eigenvalues, El-(n)

, and eigenvectors

vl(n) >, can be obtained with conventional static perturbation theory[95]:

Ez‘(l) _ Z <2\ff{§1)|1>, (A.54)
A

A, (D)) o i (1)) i, (D)) o\ g ear(1))
s Z@m; )15V 1) Y Y Zm%; NG | (A.55)

(0) (0) (0) (0)
N |7 B E N wEa A B B
qar(1)) s
L\ _ (1318
W) =2 (X e (A.56)
A | JF T J
with
E© = (5@ 4). (A.57)

Operators in terms of matrix elements and outer products are obtained when Eqs (A.52)) and (A.53]) are combined
with Egs. (A.54)-(A.57). As we show below, these matrix elements and outer products can be readily simplified in
the case of NMR using the general selection rule for irreducible tensors,

(G| 1mli) = 8jim (i + mI Ty i), (A.58)

to obtain pure irreducible tensor expansions for the D, and V operators[90]. In this review, we will consider only
fundamental transitions, that is, Zeeman allowed (Am = +1) transitions. For such situations, the transformation,
V, between the laboratory and diagonal frame[90] 23], will, to a good approximation, not need evaluation.

At conventional NMR magnetic field strengths, we will only consider the quadrupolar coupling as strong enough
to require a correction higher than the first order. Note, however, that the second- and higher-order corrections
involve the product of matrix elements and will mix together matrix elements coming from different contributions
to U:fgl). While the second-order terms involving the product of quadrupolar Hamiltonian matrix elements will be
the largest, there will be situations where cross-terms between the quadrupolar coupling and the nuclear shielding,
J, or dipolar couplings will not be negligible[96], [07, 98], 99, [100], 10Tl 102, 103}, 104, 105]. Additionally, there will be
situations where third-order corrections are not negligible, particularly for non-symmetric transitions of quadrupolar
nuclei[66, 106, 23].

A.J. Spherical tensor products and commutators
The derivation of second-order energy corrections contains products of irreducible spherical tensors. These prod-

ucts can be reduced with the aid of the Clebsch-Gordon coefficients[107, 108, [109] according to

[l1+12]

Ul17m1 ‘/l2am2 = Z <L m1+m2|ll Iy my m2>:X:L,m1+7rL27 (A59)
L:‘llflzl
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k| Tor(M) | T1(D) Ty (1) Ty (1)

0 i I, (12312 - 1(1 + 1) (&) 512 - 311 +1) — 1)L
1| - | F()V i w1 {11} (&) (R -10+1) - 1) 1}
+2 | - . 172 ()" 3012}

Gl - - 1371

Table A.12: Irreducible spherical tensor operators, T 7.5 (I) formed from the tensor product with the same vector and expressed in terms
of Cartesian operators for J < 3 after Buckmaster et al.[I3} [[T0]. Here {A, B} represents the anticommutator of operators A and B.

where
Xpa = {UW @V, 4 — Z (LMl lom M—m)Up, mViy M—m.- (A.60)

m

A few symmetry properties helpful in this appendix are

<L M|ll lg mq m2> = (—1)l1+l27L<L M|ZQ ll mo m1>, (AGI)
<LM|l1 l2 mi m2> = (—1)ll+l2_L<L—M|l1 12 —m —m2>, (A62)
<LM|11 lQ mi m2> = <L —M|12 ll —msy —m1>. (A63)

Since second-order energy corrections are needed only for interactions that depend on the same spin angular mo-
mentum as the nuclear electric quadrupole moment, we can narrow our focus to spatial tensor products of the form
Rl{f‘imR{q} which can be expanded as

2,m>

11 +2]
1
ROLLBSL =5 D0 (L4 (D)) (L0 2 —mm)RES (A.64)
L=|l;—2|

This expansion shows that the product vanishes when l; — L is an odd value. Thus, for even values of [; only terms

. . . . . A
in the sum with even values of L survive, and vice versa. The combined tensor, IR{L ,Z}, can be expanded as

A l 2 A
2P = (R @ R({q)}}L =M 2mM-m)RE) R, (A.65)

The tensor elements fR{L)"g} are related to the tensor elements in the sample holder coordinate frame, R’ {Lf‘g}, using

Ba. (577,

A commutator of irreducible spherical tensor operators can be generally expanded as

[l1+12] J
T (D, T, M= > > {1 = (=) (T Ml o ma ma)B(ly, b, J) Ty (T), (A.66)
J=|l;—la| M=—J

where the T 5 (I) are given in Table and

(TS IO DOD oo rg ) b2 T (A67)

B(l,ls,J) = =
(IITUD)||T) I II

Here, the term in curly brackets is a 6-5 symbol, and the reduced matrix elements are given by

KRNI + & 4 1)17Y/2

(MO = | S

(A.68)
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We narrow our focus to the specific commutator

[11+2]
T (@), Ty (D] = > {1= (=D} (T 0/l 2m —m)B(ly,2,J)Ty0(1), (A.69)
J=|l,—2]
where
(ITO@IDITD @) oo+ h 2 J
B(l1,2,J) = - -1 V2T +1 . A.70
(:2.7) oo Y A, Ao

Equation shows that the coefficient vanishes when [y + J is an even value. Thus, for even values of /; only
terms in the sum with odd values of .J survive, and vice versa. For the commutator [T} ,,(T), 7%, (I)], we only need
to evaluate B(1,2,2), whereas for the commutator [Tg)m(l), Tg),m(I)] we need B(2,2,1) and B(2,2,3).

Focusing on B(1,2,2) we have

B(1,2,2) = [I(I +1)(2I + 1))*?(-1)*\/5 b . (A.71)
I I I

Using a symmetry property of the 6-j symbols, we can write

1 2 2 I I 2
_ 7 (A.72)
I 11 2 1 1
and use the general relationship
a b o 1)(s — 2¢+ 1) (s — 2b) (s — 2a)(2b — 2)!(2c — 3)! "/
oy — oo [ 2 D BT e N
2 c—1 b (2b+ 3)!1(2¢ + 2)!
where s=a+b+cand X = —a(a+1)+b(b+ 1) + c(c+ 1), to obtain
I 1 2 3 1 1/2
— ViV ey (A.74)
5 1 T 10 IT+1)(2I+1)
with s = 2(I + 1) and X = 6. Thus, we obtain
3
B(1,2,2) = — 7 (A.75)
Similarly, one can show that
2
B(2,2,1) = \/;[I(I +1)—-3/4), and B(2,2,3)=—2. (A.76)

A.5. Sample motion

With sample motion, the relative PAS orientation of the internal spin interactions with respect to the Zeeman
interaction PAS (i.e., the laboratory frame) becomes time-dependent. This results in time-dependent eigenvalues
(and frequencies) for the total Hamiltonian. If the strength of the internal spin interactions is sufficiently large
compared to the Zeeman interaction, then sample motion can also result in time-dependent eigenstates. Fortunately,
time-dependent eigenstates from sample motion can be easily handled in solid-state NMR since the time dependence

is slow enough that the adiabatic approximation can be made[90} 23], [TT1].
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A.5.1. Single axis rotation

The spatial symmetry functions, S, P (@), DM (0), FM (@), and G (0), given in Egs. ([E)-(©), are expanded
by assuming that the sample can be reoriented through an angle ¢ about a single axis at an angle 6 with respect
to the external magnetic field. This motion will modulate the Lth rank spatial tensor element according to:

L

Rpo= Y D (¢r.0r.0) R, (A.T7)
k=—L

where R} ; are the tensor elements in the sample holder (e.g. the rotor) coordinate system, Dm (o, B,y) are

Wigner rotation matrix elements, given by

DB (a,B,7) = e dl) L (B) e, (A.78)
where dgn )m/ (8) are the reduced Wigner rotation matrix elements. A useful relationship between reduced Wigner

rotation matrix elements is
) (8) = (~nmmdh) (8) = (~)mmdl) L (8) = dh), L (8). (A.79)

Although Ry o is a real number, each term in the Eq. (A.77) sum may not be real. One can further expand the R/L, k

in terms of the irreducible spherical tensor elements in the crystal axis coordinate system with

/ — otk Z e—mad(L Ran (A.SO)
n=—1L

where o, 3, and 7 are the Euler angles specifying the orientation of the crystal axis coordinate system in the sample

holder coordinate system. Noting that
Tr=(D"Ry _,, (A.81)

where R’L*’ & is the complex conjugate of R/L,k) and using the definition
Ry = e " Vi, (A.82)

where (R, ety
SR e

v, 2P=R, Ry, and k¢),=tant 2k T A.83

'Lkl Lkt ULk RR, o1} ( )

and R{z} and 3{z} are the real and imaginary parts, respectively, of a complex number z, then one can rearrange
Eq. (A.77) to obtain

Rpo= d (GR) Ry, ot Z 2dk 0(0r) 7"L k COS ( (or+7 — WL,k)) . (A.84)
k=1
Thus, we identify

S o< Po(cosbr) Rp g, (A.85)

Po(0r) ox P1(cosOr) R}, (A.86)

Do(0r) ox Pa(cosbr) Ry, (A.87)

Fo(Or) o< P3(cosbr) Ry g, (A.88)

GO(GR) 0.8 ?4 (COS 91{) R£170, (A89)

where P, (cosfr) are the Legendre polynomials, and for the & # 0 variables we have

Pr(0r, or) o 2d{ 0 (0r) 7] 5 cos (k(or +v — ¥ 1)), (A.90)
D (0, ¢r) o< 2d\7)(0r) 1 4 cos (k(dr +7 —vh,)) | (A.91)
Fi(0r, dr) o< 2430 (0R) 5 ), cos (k(or +7 — v 4)) (A.92)
Gi(0r, or) o 2450 (0r) 1), cos (k(pr +7 — VUi ,)) - (A.93)
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A.5.2. Double axis rotation

In DOuble Rotation (DOR)[22, 21], a sample is being reoriented through an angle ¢; about an axis at an angle 6;
with respect to an axis that is also being reoriented through an angle ¢, at an angle 8, with respect to the external
magnetic field. In this situation, the Lth rank spatial tensor is modulated according to.

RLO - Z D ¢oa0070) RLk ’ (A94)
ko=—L

where R'L’ %, are the tensor elements in the frame of the outer rotor, and

Z D(L) d)lael?XO) /I/l,kia (A95)

ki=—L
where X, is the initial phase of the outer rotor and R/ Tk, are the tensor elements in the frame of the inner rotor.
Ry, 0 can be expanded in terms of both rotors according to

Rro= Z Z D ¢o760;0) k k<¢7,792,X0) 7 (A.96)

ko=—L ki=—L
Using the relationships in Egs. -, the sum can be rearranged as,

Rpo = dS(6,)dSd(6:) R o + Z 243 (00) i (0:) 17 ., cos(ki(ds + 7 — ¥ 1))

+ Z 2d(L) d(ﬁzo (0:) 77 o cos(ko(do + Xo))
ko=1

+ Z Z 2d d(L (91) TZJW Cos(ki(¢i +v- w/ll,,lci) + ko((bo + Xo))

ko=1k;=1

- Z Z 2d") ((0)di, (8:) 1 4, cos(kildi + v — U ) — Koldo + Xo)).  (A97)

ko=1k;=1

Now, we define for the case when k, = 0 and k; = 0,

S ox Po(cosb,) Po(cosb;) Ry o, (A.98)
P0.,0(00, 0;) o< P1(cosb,) P1(cosb;) RY . (A.99)
Do.0(0,, 0;) ox Po(cosb,) Pa(cosb;) RS, (A.100)
Fo.0(05,0;) o< P3(cosb,) P3(cosb;) Rf , (A.101)
Go,0(00,0;) ox Py(cosb,) Pa(cosb;) Ry, (A.102)

for the case when k, = 0 and k; # 0,

Po,ie, (B, 0i, 61) o< P1(cosf,) 2d '0(0:) 71 1., cos(ki(di +7 — ¥ ,)), (A.103)
Do,; (6o, 0i, i) oc Pa(cos b, )2dk 0(92)7"/2/1@1 cos(ki(ds +v — V5 1,)), (A.104)
Fouk: (8o, 0, 64) 0 Pa(cos 6) 2dy (0:) T4y, cos (ki(ds +5 = ¥4 1,)), (A.105)
Gos (00,0, 04) ox Pa(cos 0,) 2 o (0) vy, cos(ki(di +7 = ¥ x,)) (A-106)
for the case when k, # 0 and k; = 0,
Pio,0(Bos o, Xor 6:) 0 2dL1 1 (65) dbY). (8:) RY o cos (koo + Xo)), (A.107)
Di, 0(0os Gor Xos 03) < 24 o(0) d?). (6:) RY, g <05 (Kol + Xo)), (A.108)
Fi.0(00, 6o, Xo 0:) o 2d5 (00) dS°), (6:) R cos (ko(do + Xo)), (A.109)
G, 0(00 Gor Xor 0) o< 2d o(8,) i), (6:) Ry cos(ko(o + o)), (A.110)



and for the case when k, # 0 and k; # 0,

Pios ks (0o Gos Xou 0, 01) < 2 (06) i) (05) 1, cos(ki(ds + v — Ui ,) + Ko(do + Xo))
+2 d(_ljz-mo(go) d](c?—ko (01) 7nlll,ki Cos(ki(d)i + v wlll,ki) - ko(¢o + Xo))a (Alll)

Dis i (Bos Gos Xos B 05) 0 2452 0 (80) 2, (6:) 7% 1, cos(ilds + 7 — U4 1) + koldo + xo))
+2dP) (06) %), (8:) 7 s, cos(kidi + v — Wy y) — koldo + X0)), (A.112)

Fio i (0o Gos Xou 05 01) 0 250 3 (00) iy (0:) 7% 1, cos(ki(di + 7 — 0 ) + Ko(do + Xo)):
+2d%) (0. d)_y (0:) 7 4, cos(ki(ds + — U5 4,) — ko(o + Xo)),  (A113)

Gy ki (005 Doy Xo» 0iy i) o< 2 dl(:i),o(ao) dg?ko (0:) rZ,ki COS(ki(¢i + - Tﬁff,k,;) + ko(do + Xo))v
+2d") (06)d) . (8:) 7Ly, cos(ki(ds + v — V1) — koldo + Xo))-  (A.114)

A.5.8. Spinning sidebands
To calculate the signal during single axis rotation (SAR) of the sample in a Bloch decay or PASS experiment, we
start with the signal phase as derived in Section [3.4]

Dsar(et, xr) = Wot + Y Wi, emOnt) [im@nt _ gmimne] (A.115)
m#0

where € = 0 in a Bloch decay experiment. From this phase, we obtain the signal

ssar(6,t, XR) = eWotexp i Z W, em(S2rttxaty) exp | —1i Z W, e —Sretxrty) L (A.116)
m#0 m#0

Following the derivation of Mehring[2], this can be rewritten using the property of delta functions to obtain

5SAR(Ga t7 XR) = eiWOt

1 27\' .
X %/ d916(0©1 — Qrt — xr —7)expy @ Z W, e!me1
0
m#0

1 2w .
X ﬁ/ dO26(O2 + Qre — xr —Y)exp —i Z W,,e™O2 5 - (A.117)
0
m#0

The delta functions can then be expanded as sums

) 1 27 ) ) im
ssar(et, XR) :ezWOtZ%/ dO; exp {iN1(©1 — Qrt — xr —7)}exp (@ Z W, e™me1
N, 0 m#£0

1 2 . . im
x %: o /0 dOy exp {iN2(©2 + Qpe — xr — )} exp { —i n%;o Wine™2 5 (A.118)

and after regrouping, the signal becomes

: Lo . . : ‘
ssar(e t, xr) = V0! Z e / dOqexp  iN1©1 +1i Z WieO1 3 | exp {—iN1(Qrt + xr +7)}
N, 0 m#£0

1 27 ] ) i '
x%: %/0 d©3 exp zNz@z—zm%;OWme O2 3| exp {—iNa(—Qpe + xr +7)}. (A.119)
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Now we reverse the summation over Ny, (i.e. Ny — —N3) and obtain

. 1 2 _
ssar(etxr) =e"0 ) o [ dOrexp {iNiIO1 +i Y Wine™ ' b | exp {—iN1(Qnt + Xr +7)}
N1 TJo m#£0
1 [ _
X Z o dOgexp{ —iN2Os — 1 Z Wie™92 3 | exp {iNo(—Qre+ xr +7)}. (A.120)
N» TJo m#0
If we define
1 2 ) )
A(N) = —/ exp | & Z W, e™O 3 N9, (A.121)
2m Jo oy
then we write the signal as
ssar(e,t,xr) = €00 D" A(Ny) A (Ny)e~Ni@rtemiNa@reilNa=Na) (xnt), (A.122)

N1,N2

A partial averaging of the signal over the crystallite Euler angle « yields

(ssAr(€, 1))y = ’WotZ|A )|2eiNCR(tte), (A.123)

A.6. Hamiltonians

With the definitions of the previous sections in place, we give derivations of various first- and second-order
corrections to the NMR frequency.

A.6.1. Zeeman
The Zeeman Hamiltonian is
H.=—p-B=—hyl B, (A.124)
where
p=yhl (A.125)
Since B = (0,0, By), we have
H. = hwol., (A.126)

where wy = —v7 By.

A.6.2. Electric quadrupole coupling

The Hamiltonian describing the coupling of the nuclear electric quadrupole moment, associated with a nucleus
of spin I, to its surrounding electric field gradient (efg), is given in irreducible spherical tensor form by

2

Hy= > (~1)"€2mQ2,m, (A.127)

m=—2

where the Qz’m are the elements of the nuclear electric quadrupole moment irreducible spherical tensor operator.
The energy states of the nucleus are described by the quantum numbers of the total nuclear angular momentum
operator I and its projection m; along the z axis, as well as others, which we will denote by a general index ~.
For a given nuclear eigenstate, the charge density, which depends on the quantum numbers I, my, and v, is axially
symmetric about the z-axis. Thus, in the principal axis system, the only nonvanishing element is Q2707 and a single
constant called the nuclear quadrupole moment, @, is defined as

1 N
iqu'ﬂ = (yIm; =1|Qa0lyIm; = 1), (A.128)
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where ¢ is the charge on the proton. Using the Wigner-Eckart theorem, one can show that

A _ § qu'yl a
Qa,m = \/;(21 — 1)Tz,m(I), (A.129)
obtaining
G, = 2 et > " (—1)" €2, To,m (1). (A.130)
e 21021 —1) 4 mmesm

The €3, are the expectation values of the electric field gradient, VZ¢(r), calculated from the ground state wave-

function of the system, and are given by

1
82,0 = §VZZ7
1 .
82,:|:1 = :F% (Vz:v =+ szy) ) (A.131)
1 .
827:|:2 = m (er — Vyy + 2Zva) 3
where 526(0)
0
Vi = . A.132
b Or;0ry, (A-132)

Here ¢(r) is the electrostatic scalar potential produced at the position r by surrounding charges with the origin at
the nucleus. Using the normalization[94]
R§Y = V6 €2, (A.133)

we write the electric quadrupole coupling Hamiltonian in terms of spherical tensor elements as

T qu’YI m pla}
9{272 —)™mRY Ty (1), A134
q 2]‘(2] _ 1) - ( ) 2,—m 2, ( ) ( )

and in terms of the Cartesian efg tensor as

TN 102 SR
9{,172](21_1) i-v.i (A.135)

In this form, the relationship between the spherical tensor and second-rank symmetric Cartesian efg tensor is

3
RYY = \/; V.., (A.136)
Ré,qi}l = :F[vzw + ’L'sz], (A.137)

1
Ry, = 5 Ve = Vyy £ 20Vs, . (A.138)

In the principal axis system of the efg tensor, where the principal components of the second-rank symmetric Cartesian

efg tensor are )\;{E%}, )\;{,Z}7 and )\ig}, we define

3
Pé?o} = \/g Cos Pé,qjﬁ =0, P;?i2 = —nqu/Z (A-139)

where the second-rank symmetric efg tensor anisotropy, (g, is defined as

¢, = M2 (A.140)

zz )
and the second-rank symmetric efg tensor asymmetry parameter is defined as

g g

Mg 2 (A.141)
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The quadrupolar coupling constant is given by Cy = ¢eQ~1(q/h (or qeQ~1(q/(4meoh) in S.I. units), and the quadrupo-

lar splitting given by
67"'Cq QeQA/I 3Cq
= = .= A.142
YT orer—1)  20(2I-1) h (A.142)

For convenience, in the derivations to follow, we express the quadrupole Hamiltonian as

{q}
H, = hw, Z 22y (1), (A.143)

First-order electric quadrupole coupling correction. Using static perturbation theory and Eq. (A.58]), we obtain the

quadrupolar first-order correction to the eigenvalues

) Ry
Ep) = hog 3¢ (i|T2,0(D)]2), (A.144)
q
which substituted into Eq. (A.52)) gives
R R{Q} 1
Dy =ty 5= 3 i) ilTeo (D)l (A.145)
q

j=—1I

Since TQ,O(:[) commutes with the diagonal projector |i)(i| we obtain the first-order contribution of the quadrupolar
Hamiltonian in the tilted rotating frame

- R2 0 Ao

DU = huw, BTq Ty o(T). (A.146)

The first-order contribution to the transition frequency between levels j and ¢ is given by

Qfll)(@q,mi,mj) = Wq D{q}(@q) dI(mi,mj), (A147)

where (@

RiY(©
pld(e,) = M, (A.148)
3Cq
and
710 ~o 3

dr(mg,m;) = (I, m;|T50 (D1, m;) — (I, m;| 15 o(I) |1, m;) = \/;(m? —ms). (A.149)

Second-order electric quadrupole coupling correction. To obtain the second-order contribution we expand E(?) in the
eigenbasis |i):
I adr 1
1 H Hqli

4, —
a4 hwo = i—j

Using the expression for ﬂ:fq in Eq. (A.143]), we obtain

R{Q} R{Q} I < T Dl s .
5@ _ ymtm’ 2,—m/ i T2, (1)]) (31 T2,m (D)]2)
Brai= 5 Z Z e x> - . (A.151)

m=—2m/=—2 j==1I

Applying the general selection rule for irreducible tensors restricts the sum over j in Eq. (A.151)) to the cases where
j=1i+m and j =i — m. The sum over m and m’ is thus also restricted to m +m’ = 0 (with m # 0) giving

77w2 22: {Q} {CI} < |T2 m( )|’L—m> (i—m|T2,—m(I)|i>
9cq2 m |

(A.152)

q,q,z T
w
0 m—72
m
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i J=1 J=3
L=0 \/% [I(I+1)—3/4] V/18/25
L=2 135 [I(I41)—3/4] —6//35
L—4 81;35 I(I+1)—3/4] —17/v/T75

Table A.13: 71'£2’J2} coefficients in second-order electric quadrupole coupling Hamiltonian.

Using [i—m)(i—m|=1-3",, . 17)(j], we obtain

h? 22: R RS (G| Ty 0 (1) Ty (D))
1‘171 wo —_, 9(3 m .
"0

(A.153)

Substituting this expression into Eq. (A.52) and noting that 7%, (I)Th,_(I) also commutes with the diagonal

projector |i)(i| (vide infra), we obtain

th 2 R{q} R{q} n m(I) TZ,fm(I)
9¢2 ' m '

(A.154)

Splitting the sum over m into two equal parts and regrouping terms of opposite m into commutators, we finally

obtain X R
ho? G R BRI 7y (1), Ty ()]
9¢2 m '

(A.155)

Within the second-order quadrupole Hamiltonian in Eq. (A.155)), we find the product of two second-rank spherical
tensors, i.e., Ré:ﬁl Ré?_}m and the commutator of two second-rank spherical tensor operators, i.e., [T, (I), T, (I)].

Using the results of Section[A-4] we can write the second-order quadrupolar Hamiltonian in the rotating tilted frame:

Ly w2 R{qq}
2 q {2 2}
b =" 3 T S P i (a.150

L=0,2,4 S J=1,3

where
2

(2.2} _ B(2,2.J) Z L0|22m7m>(J0|22m7m>. (A157)
m=1

7T
L,J m

Values of the 71';27:]2} are given in Table
The tensor fR{L‘fg} is related to the tensor elements in the sample holder frame, R’ {qul}, using Eq. (A.77). The

tensor R’ {qi} is related to the principal values of the R{Q} tensor by
R = Z DI (Og) o1}, (A.158)
n'=—L
where )
ot = 3" (Lnl22mn—m)plt o0 . (A.159)
m=—2
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From Eq. (A.159) we obtain the relationships:
9 [ ng
{aq} q q

olaad — 11, A.160

0,0 6\/5 ( 3 ( )

92 [2 (n?
Ué{f}oq}qu\ﬁ<gq—1>7 (A.161)
olaa} _ 9C377q
2:&:2 Sm’
9¢2 (n2
{aq} _ a [ e
ai% ‘m(m“ , (A.163)

olaal _ 9<§77‘1

(A.162)

, A.164

4:t2 6\[ ( )
9¢zna

oi" = et (A.165)

There are several advantages to writing the second-order quadrupole Hamiltonian in the form of Eq. .
First, we see that the even rank (i.e., J = 0, 2, and 4) terms vanish in the reduction of the commutator
[Ty (1), T2, (I)], with only the odd J = 1 and 3 rank terms surviving. We also find that all odd rank values
of L vanish in the reduction of the product Ré?n}z R;?}m and only the even L = 0, 2, and 4 rank terms remain. The
L = 0 term describes a scalar or isotropic shift, which adds to the isotropic nuclear shielding, while the L = 2 and
4 terms contain all the anisotropy in the second-order quadrupolar correction. It is the presence of the fourth-rank
orientation dependence, fRi%}}, which is not shared by any of the first-order Hamiltonians in solid-state NMR, how-
ever, that lies at the heart of the resolution problem in the solid-state NMR of quadrupolar nuclei. This is because
conventional MAS, which can eliminate second-rank orientation broadenings, lacks the proper symmetry in its reori-
entation trajectory to average away fourth-rank anisotropies. When MAS is applied to a quadrupolar nucleus whose
spectrum is broadened by second-order quadrupolar effects, there exists a residual anisotropic broadening due to the
fourth-rank anisotropy that, more often than not, prevents site resolution.

The second-order contribution to the transition frequency between levels |j) and |i) obtained from Eq. is

w? w? wy
0 (Bg,ms,my) = JZS{QQ} Co(mi, m;) + LTZD{qq}(@q) Co(mi, m;) + LTZG{QQ}(@(;) Ca(mi, my), (A.166)
where
Riea} 1 7?2
sloa} =200~ (104 q ) A.167
9%;  6vV5\ 3 ( )
:R{qu} ®
Dlul(,) :qu)’ (A.168)
9¢7
Rlad} g
Gl (@,) =240 _(O) (A.169)
9¢2

and using Cy, (i, 7) values calculated from

CL(mimy) = Y wi?f}{<f,mj|fzo|f,mj>— (L, mal T5 |1, ms) } N P Pes(mimy). (A.170)
J=1,3 J=1,3
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A.6.3. Nuclear shielding

The nuclear shielding Hamiltonian is

H,=f1-0-B=hyl -o-B, (A.171)

and written in terms of irreducible spherical tensors is

H, = Iy Z Z )™REY T (L B). (A.172)
L=0 m=—L
Here TL,m (I,B) is formed from the spin angular momentum vector I and the magnetic field vector B. Using the
Clebsch-Gordon coefficients we expand TL,m(I, B) in Eq. (A.172)) to obtain

1
Trm@LB)= Y (Lml1n+tm —n)T1pim(I) By n, (A.173)

n=-—1

and since we normally define B, o = By and B +; = 0, this becomes

Tpm(1,B) = (L m[1 1 m 0)T1 () By o, (A.174)
giving us
= —hwo Z Z V™R (L m|1 1 m 0) Ty (1), (A.175)
L=0m=-1
where
RS = —V3 0o, (A.176)
RIT = —(i/V2)[0y — 0yal, (A.177)
o 1 .
Réli,j}gl = _i[gzz — Oz, Z(Uzy - O'yz)], (A.178)
. 1
R = \/; (022 — Oiso], (A.179)
o 1 .
Ré,:&l = :Fi[gzz + 0. £ l(o'yz + Uzy)]a (A.lSO)
o 1 .
Ré,:&Q = i[am — oyy T i(00y + oya)]. (A.181)

Here we follow the IUPAC definitions for the nuclear shielding or nuclear shielding interaction[d3]. The isotropic

nuclear shielding, ois,, is derived from the trace of the shielding tensor,

1
Oiso = g(o—rr + Oyy + Uzz)~ (A182)
In the principal axis system of the antisymmetric shielding tensor, we define
pl = —ivac¢@, plo = (A.183)
where )
¢ = 5\/(01?4 = 0ye)? + (0yz = 02y)? + (022 — 022). (A.184)

o} {0}

In the principal axis system of the second-rank symmetric Cartesian shielding tensor, where )\g{m s Ay, and )\ig}

are the principal components of the symmetric part of the shielding tensor, we define

é%}—\f G P =0, P87, = G2 (A.185)

where the second-rank symmetric nuclear shielding tensor anisotropy, (,, is defined as

¢ = Alo) (A.186)

zz
the second-rank symmetric nuclear shielding tensor asymmetry parameter is defined as
Mo g

A.
- (A.187)

No =
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First-order nuclear shielding correction. The nuclear shielding is generally orders of magnitude smaller in strength

than the Zeeman interaction and therefore can be approximated to high accuracy using first-order perturbation

theory as
DY) = —puwy Z R (L 0[1100)Ty0(1). (A.188)
L=0
Since (1 0/1100) = 0, the anti-symmetric (L = 1) components do not contribution to the first-order nuclear

shielding Hamiltonian[I12], and we obtain in the rotating tilted frame

. 1

We write the first-order nuclear shielding contribution to the |i) — |j) transition frequency as

QM (O, mi,m;) = —wo iso S Pr(mi, mj) — wo ¢ DI7HO) pr(my, my). (A.190)
where o} 0}
RN R (O,
glo} = _\/To,o =1, DbDl"}He,) = \/5210()7 (A.191)
3 Oiso 3 CO’
and
Pr(mi,my) = (I, m; |17 o (DL, my) — (I, mi|T7 o (DL, mi) = mj — m. (A.192)

Nuclear Shielding - Electric Quadrupole Cross Term. To obtain the second-order cross-term contribution between

the nuclear shielding and the electric quadrupole coupling, we expand E?) in the eigenbasis |4):

I e . ) . I et . e .
1 (i|3Ho|7) (G1FCqli) 1 (1[3€4]7) (319 |4)
E® - _— a — a . A.193
o0 = sy jZ:_I =5 e & i (A.199)

J#i i

Using the irreducible tensor expansion of H, and f}A{q, we obtain

1 {a}

R . . . .
ORI ol A (BB L O gl 2 s (i (D (D) — 1T (DT (DI} (2.199)
L=0m=-1 q
m#0

Substituting this into Eq. (A.52)) and noting again that the operators commute with |i)(i|, we obtain
1 {q}

R N
@ /h = —w, Z yo Ll 1m0>R£"}m S | T30 (1), T, ()] (A.195)
L=0 m=-—1 q
m#0

Using the results of Section we simplify this expression to

(2) {1 2}*@% 1,2} 1,2} Réo} {1, 2}33{ o 1,2} 5R4o p
D) Jh=— — 75 ,(I), A.196
ol Wq [T, 3¢, T3 34 +Tag 3, Ty 3¢, T oy 3, o(D) ( )
where the product involving the antisymmetric part of the shielding tensor is given by
1
AP = ST (L M1 2m M-m)RU) RS, (A.197)
m=—1
and the product involving the symmetric part of the shielding tensor by
2
R =N (@ M22m M-m)RII R, (A.198)
m=—2
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The coefficient ﬂilf} is given by

WE’I?} =V6[(L —111 —10) (2012 —11)(KO|L2m —1)—(L1/1110)(20[121 —1) (KO|L2 —1 1)]
(A.199)
Using the symmetry properties of the Clebsch Gordon coefficients, however, one can rearrange Eq. (A.199)) to obtain

T =VE(L —111 —10) (2012 —11) (KO[L21 —1) 1+ (-1)X], (A.200)
indicating that the WE’I?} coefficients with odd K vanish, whereas the coefficients with even K are given by
m =2vB(L 111 ~10) (20112 —11) (K0[L21 —1), (A.201)
which evaluate to
1,2 6 1,2 3 1,2 48
Wé{,o = 5 76{,2 b= 7 é{,4 b= 35" (A.202)
Thus, the anti-symmetric contributions vanish and leave the second-order correction involving the nuclear shielding
tensor as
= {1,2} Rgg} -
DRh=—wy | Y mi SC 13 o(1). (A.203)
q

K=0,2,4

We can write the contribution to the |i) — |j) transition frequency from the second-order cross term between the

nuclear shielding and quadrupole coupling as

Qg;((‘l my;, mj) = —Wq Cg S{aq} d[(mi, mj) — Wq Cg D{UQ}(@) d[(mi, mj) — Wq Co G{Uq} (@) d[(mi, mj), (A204)

where
{oq}
gloa} — \/5?32277 (A.205)
{oq}
ploa} (@) = — 39%2(1429)7 (A.206)
Gledt(@) = _\/gg%fz}é,@)' (A.207)

A.6.4. J coupling

The J Coupling Hamiltonian can be written
j’(] = [1,1 K- ﬂz = h2’yl’}/2 il - K- ig. (A208)

The convention, however, is to combine the gyromagnetic ratio constants and the reduced X tensor such that

Hy=h2rl-J- I, (A.209)
with B
J= 02 g (A.210)
2

This gives a J tensor with dimensions of inverse time. Thus, we write the J coupling Hamiltonian in terms of

irreducible spherical tensors
2 L
For=hordy > (~)"RY} Ty L), (A.211)
L=0m=—L
where the TL,m (I1,1I,) are formed from the spin angular momentum vectors I; and Io, given by the expansion

1
Trm@T) = Y (Lml1ntm —n) T pem(D) 11 —n(I2), (A.212)

n=-—1
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and

RYT = —V3 Jiso, (A.213)
J .
R = —(i/V2)[Jay = Jyal, (A.214)
1
J .
Rii}l = _i[sz —Jpr £ Z(Jzy - Jyz)]a (A.215)
1
Ré,{)} = \/;[Jzz - Jiso]a (A216)
Réﬁl = [sz + £ l(Jyz + Jzy)]v (A.217)
J 1 .
Ry, = 5w = Jyy £ i(Jay + Jya)]- (A.218)
The isotropic J coupling, J;s,, is derived from the trace of the J coupling tensor,
1
Jiso = g(Jm + Jyy + J22). (A.219)
In the principal axis system of the first-rank antisymmetric J coupling tensor, we define
pio =-ivac®, pil =0, (A.220)
where )
Sa) = 5\/(‘]9@ = Jye)? + (Jyz = Joy)? + (Jaz — Jzz)? (A.221)

In the principal axis system of the second-rank symmetric J coupling Cartesian tensor, where )\g{m}, )\{ ]}, and )\g}

are principal components, we define

=2 =0 = ni (a2

where the second-rank symmetric J coupling tensor anisotropy, (s, is defined as

¢r=A (A.223)

zz
the second-rank symmetric J coupling tensor asymmetry parameter is defined as
J J
A -
¢ '

First-Order J-Coupling Correction.. Like nuclear shielding, the J coupling is orders of magnitude smaller in strength

(A.224)

than the Zeeman interaction. Thus, following our earlier approach, the first-order Hamiltonian in the strong coupling

limit is obtained by eliminating m # 0 terms to obtain
DY) /h=2n Z RYY T (11, I). (A.225)

The first-order strong J coupling correction to the transition frequency is

Q(l)

Jrr

(©, M;, M;) = 210J;5 SY11} s (M, M)
+2x¢\ PUIY(©) pry (M;, M;) + 27¢, DU (@) dpy (M;, M), (A.226)

where
{J}
R
S{JH} — _ -’0 , (A.227)
{J}
R0 (©
P{JII}(@) 7((1() )7 (A.228)
J
{J}
R C)
D11} (@) :ZZ()’ (A.229)
J
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and

sir(M;, My) =(I, My|T5 o (X1, Io)| I, My) — (I, My |15 o (L1, Io)| I, M), (A.230)
Prr (Mg, My) =(1, My|T7 Ty, To) [T, M;) — (I, M| T5 o (1, To) |1, M;), (A.231)
drr (M, My) =(1, M;|T5 (T, 2)|Iij> — (I, M| T3, (T, L) |1, M), (A.232)

One can show, however, that S;; = 0, and thus the first-order strong J coupling becomes

QW

U (©, My, M;) = 2m ¢ PV (©) prr(My, My) +2m¢, D H(©) dpy (M, M) (A.233)

It is interesting to note that the antisymmetric part of the J tensor is not only observable in the strong coupling
case but also has a contribution with P spatial symmetry that is not removed by D-MAS[25].

To obtain the first-order Hamiltonian in the weak coupling limit Eq. is substituted into Eq. ,
replacing Iy with I and Iy with S, and again eliminating m # 0 terms to obtain

2

DY =h2r 3 (L0[1100)RYS T10(Ly) T10(Ia). (A.234)
L=0

Since (L 0|11 0 0) =0, the L = 1 term disappears and the first-order energy correction is

DY =na2r 3" (LO[1100)RYST7,(10) 170 (12). (A.235)
L=0,2

The first-order weak J coupling correction to the transition frequency is,

981)3(67mI,i7mS,i7mI,j7mS,j) = 21J;5,SU s drs(my i, ms i, my j,ms, ;) (A.236)
+21¢;DVsH (@) drs(my i, msi, mip j,ms ),
where
{J}
1 R
sivisy — _ \f 00 _ 4 A.237
3 Jiso ’ ( )
2 RYT (O
pl/isk(@) = ( ), (A.238)
3 G

and the d;g are calculated in the weakly coupled basis set, |m;mg),

drs(mri,msi,mrj,ms;) =
(mr o ms | T o (D7 o(S)mr o ms,g) — (s ms| T3 o (DT (S)mr i, ms,i)
=my;mg; —MypiMgi, (A239)
J-Coupling Quadrupolar Cross Term. Here, we derive the second-order energy cross term between the J and

quadrupole couplings, but only in the weakly J coupled limit using the |mymg) basis. Generally, we allow both

nuclei to have electric quadrupole moments and separate the second-order energy correction into two terms

(2) (2) (2)
EJq mrmgs EJqI mrmg + EJ,qs,m,mS, (A.240)
where
) Z Z mzmswf }|m1ms><m1ms|%{ Nmims)
J.qr,mrms — I S
I,mrms i s mr)w, {}+h(m{9 ms)wé }

I s ~ LT ~ IS
LYY (s |36, i) (mm|9C7 mms) o)

Ty —mef! 4 Rl - me)wf™



and

S 1,1 1o 1 drlSt
mImS‘fH [myms) (mymg|Hg™" [mms)
E,qs,mzms_ Z Z

mlzflmsf S I mI)wO g + h( mS)wéS}

I
DS (myms|FCE° }|m1ms><m1ms|9{{ }|m1ms>. (A.242)

S
ml— I mi——8 R(m/, — mI)wo + h(mYy — mg)w({) }
Here, E§231 myms and ESQ(;S myms are the cross terms associated with the electric quadrupole moment on nucleus
I and S, respectively. Although not indicated, values of m/ and m/y that cause the denominator to go to zero are
disallowed in both expressions. We first focus on the I spin cross term, substituting our expressions for Q:Cq and H J
to obtain

R{QI}
2 / J 2,—m/
B e =203 3 33 (gl Lt (-0 R, B

L=0n=—1m=—-2m'=—

XZ Z m1m5|T1 n+m( )Tl —n(S )|mlms><m1mS|T2 m (D) |mrms)
mI:—I ’rnsf (mI mI)wé } + (mS ms) 15}

2 1 2

—|—27rhw{1}z Z Z Z (L m|l 1 n+m —n)(— 1)m+m/

L=0n=—1m=—2m/=-2

X

{ar}
Ry R
3C{I} —m

{myms| Ty (Dlmlymls) (mymg| Ty i (D) D1, (S)mims)
xz Z :

{1 {s}

} (A.243)
mf=—I mly=—5 (m7 —mp)wy” + (mg — ms)wg

Using the general selection rules for irreducible tensor operator matrix elements, the first matrix element gives the
constraints m; = m; +n+m and mg = mly — n, and the second matrix element gives m; = m; +m’ and mly = mg.
Combining these constraints gives n = 0 and m + m' = 0 in the first term. Similarly, the third matrix element
gives the constraints m'y = mg and m; = m/, +m’ and the fourth matrix element gives m; = my 4+ n + m and

m's = mg —n. Combining these constraints also gives n = 0 and m + m’ = 0 in the second term. Thus, we have

E(g) ﬁw{l} 2 ! (L mll 1m 0) {J} Réqyﬁl}
Jar,mims {I} Z Z RL7 3<{I}
=

x (mymg|Tym (D) Ty o(S)|mr—m ms)(my—m mg|Ta _m(I)|mrms)

{1} 2 1 {ar}
(Lm|l1m 0>R {J}
T, iy R
L= lwrln_;é_ol C

x (mrmg|Ta (D) |mr+m mg)(mr+m mg|T1 (1) Ty o(S)|mrms). (A.244)

Using the projection operator of Eq. (A.282)) and substituting into Eq. (A.52)), we obtain

. Wi & & (Lm|11m0 R{q,;} . . .
DY Jh=2r ( {1}> Lzl ;1 ' >R{J} 32{1} [T (1),T2,_m(1)} T10(S). (A.245)
m#0
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Using the results of Section we can simplify this expression to

~(2) wil {1,2} A%QI} - - {1,2} AE{‘){)QI} - -
DJ,(II /h = 271' ( ?L,I}) |:7'('1717 WTZO(I)TLO(S) + 7T'1737 WT&O(I)TLO(S)
Wo 3Cq 3¢q
{1,2} :R(g{)qj} 2 - {1,2} g](')q}} 2 -
T ?)’TTQ,O(I)TLO(S) + 735 WTz,O(I)Tw(S)
g @
1,2 :Ri{)ql} - -
+ W§,4’ } 0 To0(D)T10(S)|, (A.246)
3Cq
where the product involving the antisymmetric part of the J tensor is given by
1
AV = ST (LM 2mM-m)RY) RS (A.247)
m=—1
and the product involving the symmetric part of the J tensor by
2
R = N (LM[22m M-m)RE) REGY (A.248)
m=—2
As noted earlier, the 71'3"]2} coefficients vanish for odd values of J, leaving only the symmetric tensor contributions
- (2) wilh {1,2} fR}(JgI} 2 P
DY) Jh=2r (%) Yo mi —y | T5o@MTio(S). (A.249)
Wo K=0,2,4 3Cq

Using Eq. (A.156), the second-order contribution to the transition frequency between levels |mymg) and |m)mj) is
obtained

{I}
w,
QE;%;I (©,mr 4, mg;,mr j,mg ;) =21l <?{1}> star} (dp) ;s (my s, ms, mr.j, ms.;)

{1}
w,
+ 27y < ?1}) DY 43(0) (dp)s(my,i, ms,i, muyj,ms,;)
Wo

{1}
+ 27y <w11}> Gad(©) (dp) s (mi i ms i, mrj,ms;), (A.250)
[99]

0
where
R{J‘U}
S{Jqf}:\/g 00 (A.251)
53<q CJ
fR{J(H} e
Di/a} (@) = — \/520{1}() (A.252)
T3¢ ¢
fR{J(H} (e
Gl (@) = /478443{%}(). (A.253)
35 3¢5 ¢

and the drpg(mr,;, ms;:, mr ;, ms, ;) are calculated in the weakly coupled basis set, [mrmg),

drPs(myi, ms,imrj,ms;) = (mj,ms;|T5o(DIT o (S)mrj, ms;) — (mra,ms| 5o (DITo(S)|my,i, ms,)

3

1
= 5 ( %jms,j — m%im&i) — %I(I =+ 1)(ms’j — ms’i). (A.254)
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Similarly, one obtains

{S}
w
QEI?()]S (97 mri, Mg, MJ 5, mS,j) = 27T<J (?S}) S{JqS} (pd)]S(m[)i, mgi, My j, mSJ)
Wo
Wés} J
+27Cr | & DV3(0) (pd) s (mri, ms,i, m1 ,ms,;)
Wo
{s}
Wq {Jgs} . . ) .
+ 27T<J I G (@) (pd)IS (mf,lv mgsi, My j, mS,J)7 (A255)
“o
where
:R{JQS}
glJas}t \/6 %2} ’ (A.256)
53¢y
IS
pask(@) = — \/gzo{s}( )7 (A.257)
T3¢0 ¢y
{Jas}
48 R ©
Gl7as} (@) = — /EMT(X (A.258)
35367

and the (pd)rs are calculated in the weakly coupled basis set, |mmsg),

(pd) s (myi,msi,mrj,ms;) = (mpj,ms ;T o (D5 o(S)mr,j,ms ;) — (mr,msl T7o(DT50(S)my,i, ms,)
3 9 9 1
= \/g (mstLj - ms,imu) - %S(S +1)(mr; —mrs). (A.259)

A.6.5. Magnetic dipole coupling

The through-space magnetic dipole coupling Hamiltonian can be written

Fo=-10 4 Dy = f% W2y Iy D -1, (A.260)

fadl)
4m
where 11 is the permeability constant (47 x 10~7 kg-m/(s?-A%) ) and D is defined in a coordinate system with g,
at the origin and p, at (z,y, z) and r as the distance between p; and p, and given by

1 [ 3rrg
D;, = 3 < o 6ik) , where (r;,rp=2x,y,2). (A.261)

The dipolar coupling tensor, D, is traceless and axially symmetric. The principal components of the D tensor are
1

1 2

dy _ dy _ dy _
Writing the dipole coupling Hamiltonian in terms of irreducible spherical tensors, we have
. 2
Fo = 22 Py Z (—1)™RM, To (11, 1), (A.263)
47 =, ’
where
{ay _ /3
Ryg = B D.., (A.264)
R = F (D.p +i(Dsy), (A.265)
1
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In the principal axis system of the dipolar coupling tensor, we define

ido}—\[cd, P =0, i, =0 (A.267)

where the second-rank symmetric dipolar coupling tensor anisotropy, (4, is defined as

Ca=ME = —3 (A.268)
The dipolar splitting is given by
po 172h o
—_r == h A2
W e S Camy2 (A.269)
For convenience, in the derivations to follow, we express the dipole coupling Hamiltonian as
A 2 R
Ha/h=ws »_ (-1 gd’/*;:rzm(ll,lz). (A.270)
m=—2

First-Order Magnetic Dipole Coupling Correction. Like nuclear shielding, the dipolar coupling is generally orders
of magnitude smaller in strength than the Zeeman interaction. Thus, following our earlier approach, the first-order

Hamiltonian in the strong coupling limit is obtained by eliminating m # 0 terms to obtain
{d}
/ 2

The first-order strong dipolar coupling correction to the transition frequency is,

Dc(ii)z/h = Tz o(I1, I2). (A.271)

Ql(ill)l (@’ Mi’ MJ) = Wd D{dll}(@) dII (Mia M])) (A272)
where )
R34 (©)
pldnt@) = 22— A.273
©)= = (A.273)

and the dy; are calculated in the strongly coupled basis set.
To obtain the first-order Hamiltonian in the weak coupling limit, Eq. (A.212)) is substituted into Eq. (A.263|),
replacing I; with I and I» with S, and again eliminating m # 0 terms to obtain

Dy[s/h—w \/>C/2 Lol o(S) (A.274)

The first-order weak dipolar coupling correction to the transition frequency is,

Q((ill)s(Ga mpi,ms,q,mr,j,ms,;) = wa D1 (O) drs(mys, ms,i, myj,ms ), (A.275)
where {d}
2 Ry0(©)
Dldrs}(@) = : A.276

and the drg(mr,;, ms,;, mr j, mg;) are calculated in the weakly coupled basis set, [m;mg).

Magnetic Dipole-FElectric Quadrupole Coupling Cross Term in the Weak Dipole Coupling Limit. Here, we derive the
second-order energy cross term between the dipolar and quadrupole couplings, but only in the weakly dipolar coupled
limit using the |mymg) basis. Generally, we allow both nuclei to have electric quadrupole moments and separate the
second-order energy correction into two terms

+EY (A.277)

d,qs,mrms’

e

d,gymims — d,qr,mrms
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where

Z Z mzmsm{ Y mlmly) (miymig |58 )
mI)wo D4 h(mly — mg)w{ }

,lII,mzms -
mi=—Imig=-S5

I S {Is}
Fc 5{
P Yy m1m5| a ImIZL}stzmsl |”Z£”S>, (A.278)
— d —mpwy 4+ h(my —ms)w
mi=—Imig=-S5 I 0 s 0
and
(m |f]-( }| L) (] /|j_({S}| )
-y 3 Il
,qs, ms el m] ml)w01}+h( S)W{S}
J‘C J—({ S}
N Z Z m1m5| a |ml?}f><mlms| |n{1[}m5> (A.279)
- — + (/g Jw
s — mp)wp ms )Wy
Here, E? and E? are the cross terms associated with the electric quadrupole moment on nucleus I
d,qr,mrms d,qs,mims

and S, respectively. Although not indicated, values of m/ and m/; that cause the denominator to go to zero are
disallowed in both expressions. We first focus on the I spin cross term, substituting our expressions for ff{q and Hy

to obtain

2 AR BRI R
Eagrmims = Mo < {I}> Z Z Z 2m|1 1 n+m —n)(-1)mtm e

I
n=—1lm=—2m'=— 34-‘5 !

XZ Z (myms|Th, n+m( )11, _n({)|m1m5>(m1ms|1{2}m /(D)|mrms)

my=—1I mly=— (mf —mp)wg” + (mf —m)wg

{I} 1 R{QI} R{d}
m+m/
—i—hwd( m) > Z Z (2m|1 1 nt+m —n)(—1) Cd/2

I
n=—1lm=—2m'=— 3<§ '

P! | T i
XZ Z m1m5|T2 m (I )|m1ms><?1}1ms|Tl,n+m(I)T{lé—}”(s)|mlms>. (A.280)
(i — sl + (s — m)ad

mi=—1I ms

Using the general selection rules for irreducible tensor operator matrix elements, the first matrix element gives the
constraints m; = m’; +n+m and mg = m'y —n, and the second matrix element gives m’; = m;+m’ and my = mg.
Combining these constraints gives n = 0 and m +m’ = 0 in the first term. Similarly, third matrix element gives the
constraints m's = mg and m; = m} +m’ and the fourth matrix element gives m; = m; +n+m and mly = mg —n.

Combining these constraints also gives n = 0 and m + m’ = 0 in the second term. Thus, we have

. o W & @ml1t1mo) RYY, R
d,qrmpms —  d w({)l} — m Cd/2 3(;1}
m#0

x (mymg|T1.m (D) T1o(S)|mr—m mg)(mr—m mg|Ts,_m(I)|mrms)

(Y & @ mlt Lm0y B, REY)
e wi® 2 m Ca/2 3¢i"

m=—1
m

x (mrmg|Ta _m(D)|mr+m mg)(mr+m mg|T1m(I) Ty o(S)|mrms). (A.281)
Since (my|T1 +2(I)|m) = 0 the sum over m is restricted to m = +1 and the Clebsch-Gordon coefficient becomes
(2 £1]11 £10) = 1/v/2. By using the projection operator

I S
|mr +m mg){mr +m mg| =1— Z Z |mm/s) (mml], (A.282)

e [
mi=—Imy=—S
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we obtain

{1} 1 {d} {ar}
(2) B Wq 2m|11mo0) Ry, Ry, N . .
Ed;thﬂns = hwa <wél}> m:Z—1 m Ca)2 3<}]} (mrmsl| {Tl,m(I)vTQ,—m(I)} T170(8)|m1m5>' (A.283)
m##0

Substituting this into Eq. (A.52]) and noting again that the outer product commutes with the operators, we obtain

{1} 1 R{d} R{‘ZI}
N R Wq (2ml11m0) Ry~ Boy) - . .
D) Jh=wq <w§”’> P o sl | B0 (1), T, (D)] T (S). (A.284)
m#0
Using the results of Section we can simplify f)g{;l to
~(2) wi Z (1,2} Rg%l} . -
Dd /h = Wy (q) Ty k& _ TQ@(I) Tl,o(S), (A285)
o Wél} K=0,2,4 3C§I}Cd/2
where
1,2 6 1,2 3 1,2 48
Wé{,o = 5’ Wé,z b= 7 7T§,4 b= 35’ (A.286)
to obtain

52) wi'! 6 R 3 Ry 8 REGT N
Dig/h=wa | — 5ol 5 N7t 5 35240 T5,0(T) T1,0(8).
wy 53C5 ¢a/2 VT3¢ /2 VY 353¢Ca/2

Using Eq. (A.156) the second-order contribution to the transition frequency between levels |m;mg) and |m}m)
is obtained

{1}
w,
91(12,311(@,ml,i,ms,umf,j,ms,j) = wq (%) stdar} (dp) rs(mr.i, ms.i, mr j, ms.)
Wo
{1}
w
+ wy ( 31}) D} (©) (dp)rs(m1,i,ms,i,m1,5,ms,5)
Wo
!
+ wy 31} Gl4}(©) (dp)1s(mr,i, msi,mrj,ms;), (A.287)
Wo
where
fR{dql}
gldar} _ \/E{g}o (A.288)
5 3Cq Cd/2
RGO
Dldar} (@) = — \/32{0]}() (A.289)
3Cq Cd/2
{dar}
48 R ©
Gldar) () = _ /3%%() (A.290)
3@1 Cd/2

Similarly, one obtains

{S}
w,
Q%) (©,mri,ms i, mij,ms ;) = wa (js}) st¥as} (pd) s (my i, ms i, mr, 5, ms. ;)
0

{S}
w
e ( §S}> D{9s}(©) (pd) 15 (i, ms.ismi j,ms ;)

{5}
+ wq (%S}) Gl253(0) (pd) s (my,i, ms,i,mij,ms;), (A.291)



where

{dgs}
S{dQS}: \/6310’0‘75
53¢t ¢ay2

Dldas} (@) = — \/ggzgioqs}(@)
T3¢ a2’

1< pldas}
G{dqs}(@) _ 48 j2’4,05 (9)

35 3¢{% /2
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