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I. REVIEW OF PHASE CYCLING AND THE MASTER
EQUATION

In an NMR experiment withM phase cycled excitation
pulses or excitation pulse blocks, the excitation phases
are represented in a vector with M elements,

� = (�1,�2, . . . ,�M

). (1)

The Fourier transform of the excitation phase domain

signal as a function of the M excitation phases yields a
M -dimensional pathway di↵erence domain spectrum

1,

s(�p) =

Z 2⇡

0
d�1

Z 2⇡

0
d�2 · · ·

Z 2⇡

0
d�

M

s(�) ei�p·�
, (2)

where �p is a coherence transfer pathway di↵erence vec-
tor, with M elements,

�p = (�p1,�p2, . . . ,�p

M

), (3)

each given by �p

m

= p

m

� p

m�1. This pathway di↵er-
ence vector can be derived from the coherence transfer
pathway vector, with M + 1 elements,

p = (p0, p1, . . . pM ), (4)

with p0 = 0 and p

M

= �1. The pathway di↵erence do-
main spectrum is a line spectrum. It can be visualized as
an M -dimensional hypermatrix containing the pathway
di↵erence resonance lines for all excited transitions. The
elements of this hypermatrix are indexed by a �p vec-
tor. The range of �p indexes is dependent on the spin
systems within the sample. Generally, a single spin I

will have coherence orders extending over �2I  p  2I.
More generally, N coupled spins will have coherence or-
ders extending over �2L  p  2L, where L =

P
k

I

k

.
Thus, the integer range of �p values is from �4L to
+4L. Assuming the NMR experiment begins with the
system in some form of longitudinal order, such as Zee-
man order, with a coherence order of p0 = 0, then the
integer range of �p1 values is from �2L to +2L. Simi-
larly, if we assume that the NMR experiment ends with
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perfect quadrature detection of transverse magnetization
with p

M

= �1, then the integer range of �p

M

values is
from �2L�1 to +2L�1. In modern spectrometers with
digital quadrature detection this is a good assumption.
In spectrometers with analog quadrature detection, how-
ever, there can be imperfections which lead to the detec-
tion of transverse magnetization with p

M

= +1. Then,
the integer range of �p

M

values also includes values from
�2L+1 to +2L+1, making the total range �p

M

values
from �2L� 1 to +2L+ 1.
While the phase increments needed to sample the sig-

nal in the � space comes from the Nyquist-Shannon
theorem2, it is only necessary to choose phase increments
that do not alias undesired pathway signals onto the de-
sired pathway signals.
Although the idea of a Fourier transform with re-

spect to pulse phase was first demonstrated1 in the late
1970’s, computer hardware limitations prevented it from
being used as a real time approach in pulsed NMR spec-
troscopy. The most popular “work around” for this prob-
lem has been to cycle the receiver phase according to
a “master equation” to take projections in the � space
which correspond to a (zero dimensional) cross section
containing the desired pathway signal in the�p space3,4.
This approach can be visualized by shifting the de-

sired pathway resonance, �P, to the origin of the M -
dimensional pathway di↵erence spectrum,

s0(�p0) = s(�p��P) (5)

using the Fourier shift theorem,

s(�p��P) $ e

�i�·�P · s(�), (6)

to obtain a transformed excitation phase domain signal,

s0(�0) = e

�i�·�P · s(�). (7)

From the Fourier relationship between excitation phase
and pathway di↵erence domains1, the desired pathway
can be obtained through integration of this transformed
excitation phase domain signal,
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This approach is combined with signal averaging, with
the “master equation” for the receiver phase implement-
ing the Fourier shift,

�rcvr = �� ·�P, (9)
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as signals are acquired at di↵erent excitation phases to
calculate the integral given by
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The conventional approach for calculating this integral is
to perform “nested” phase cycling. When implemented
on an NMR spectrometer, the integrals are approximated
as summations, and the desired signal is given by
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To avoid aliasing of undesired pathway di↵erence reso-
nances onto the desired pathway di↵erence resonance, the
��

i

values are typically set to
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This approach, however, is overkill, since many elements
in the pathway di↵erence hypermatrix will be zero; that
is, some �p resonances have no intensity. Additionally,
there is no need to prevent aliasing among the unde-
sired pathway di↵erence resonances. Thus, with insight
about the pathway di↵erence spectrum the value N

i

can
often be significantly reduced. Cogwheel phase cycling
attempts to find a canonical transformation of � space
down to a single phase, eliminating the need for nested
phase cycling.

The challenge with traditional phase cycling as well as
cogwheel phase cycling approach, however, is what to do
when there are multiple desired pathway signals, �P(j).
Since there is only one receiver phase, a solution to the
simultaneous master equations,

�rcvr = �� ·�P(j)
, (14)

may not exist. There have been some “conjectures”
about possible solutions using cogwheel phase cycling5,
but, in general, no algorithm for finding the canonical
cogwheel transformation and solution exists.

Consider, for example, the experimental 2D PIETA
cross section from a 3D MAS-PIETA spectrum of
87RbNO3 shown in Fig. 2 of the main text. Here, each
echo contains one desired pathway signal, whose value of
�P varies with echo count, n. One can derive the mas-
ter equations for the receiver as a function of echo count,
given by
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P
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where bxc represents the integer part or floor function
of x. While implementation of this echo count depen-
dent receiver phase should be relatively straightforward
on modern NMR spectrometers, unfortunately, for many
working spectrometers this is not possible.
Next consider the experimental 2D PIETA cross sec-

tion in Fig. 3 from a 4D MQ-MAS-PIETA spectrum
of 87RbNO3 obtained with the pulse sequence shown in
Fig. S1. Here, each echo contains two desired pathway
signals, whose values of �P vary with echo count, n,
according to
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(17)

While it may be possible to define a single master equa-
tion for the receiver phase as a function of echo count
which aliased the two desired pathway signals together
without undesired pathways, the algorithm for imple-
menting such a scheme on a commercial spectrometer
would be challenging at best, or perhaps even impossi-
ble.
A much simpler, and obvious solution, utilized in

PIETA, is to abandon the “work around” solution of us-
ing the receiver phase to take the projections in � space.
We no longer have the computer hardware limitations of
the 1980’s, and can easily a↵ord to elevate sampling in �
space to the same status as sampling in t space. While
this increases the dimensionality of NMR signals, it adds
no additional time to the length of an experiment al-
ready implemented using conventional or cogwheel phase
cycling.

II. PIETA SIGNAL PROCESSING

Generally, when PIETA is appended to a
N -dimensional NMR experiment, the signal acquired has
N + 2 dimensions, with the additional two dimensions
associated with the excitation phase and the echo count
(n). The N + 2 dimensional signal can be reduced
back to N + 1 dimensions by: (1) applying a Fourier
transform of the signal with respect to the excitation
phase dimension to obtain the signal as a function of the
�p dimension, and (2) extracting cross-sections through
the �p and echo count (n) dimensions using the desired
pathway equations, such as Eq. (16) or (17). This yields
a N+1-dimensional NMR signal that includes an echo
count dimension (n) or an evolution time that is an
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FIG. 1. (A) The MQ-MAS-PIETA pulse sequence. (B) 2D MQ-MAS spectrum of RbNO3 along with cross-sections for the
three sites obtained after processing. This spectrum was obtained by co-adding the 2D MQ-MAS spectrum for the 4 pathways
in Eq. (17) with appropriate weighting to optimize sensitivity.

integer multiple of the spacing between echo maxima. If
the echoes are modulated by J couplings, then a Fourier
transform of the signal along this dimension yields
the J spectrum. If there is no modulation along the
echo count dimension then a sensitivity enhancement
can be obtained by projecting out the dimension after
applying a apodization with a matched filter to optimize
sensitivity6. The resulting signal can then be processed
as one would have without PIETA.

III. SIMULATION OF ETHYLBENZENE IN FIG. 3

The 1H J-couplings in ethylbenzene were determined
in a least-squares analysis of the 1H spectrum of the
phenyl region for ethylbenzene. The spectrum was mod-
eled using a full diagonalization of the 5 spin Hamilto-
nian. The best fit values are given in Table I. The
resulting parameters were then used in SIMPSON7 to
simulate the C6H5 region of the J-resolved PIETA. Our

model ignores any weak long range coupling with the
CH2, which would explain the additional experimental
broadening not seen in the simulation.
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site chem. shift/ppm 1 2 3 4 5
1 -10.6 - 7.75 Hz 1.78 Hz 0.77 Hz 1.47 Hz
2 16.6 - - 7.20 Hz 1.85 Hz 0.77 Hz
3 -14.6 - - - 7.20 Hz 1.77 Hz
4 16.6 - - - - 7.75 Hz
5 -10.6 - - - - -

TABLE I. Chemical shift and J coupling parameters used in the 1H J spectrum simulation of ethylbenzene.


